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Abstract 

There still exist many confusions about the black hole information paradox and its 
resolution. We first give a precise formulation of the paradox, in four steps A-D. Then we 
examine several proposals for resolving the paradox. We note that in each case one of these 
four steps has been ignored, so that the proposal does not really target the essence of the 
paradox. Finally, we give a brief summary of the fuzzball construction and argue that it 
resolves the paradox in string theory. This resolution contains a deep lesson - the phase 
space of quantum gravity is so large that the measure in the path integral can compete with 
the classical action for macroscopic objects undergoing gravitational collapse. 



1 Introduction 



A remarkable number of confusions continue to surround the black hole information paradox 
PQ. A section of the general relativity community believes that information will be lost in the 
process of black hole evaporation. Some say that remnants are left at the end of the evaporation 
process. Others conjecture that information will emerge in Hawking radiation, but do not offer 
a concrete mechanism for information recovery; thus the believers in information loss/remnants 
cannot see where Hawking's original computation goes wrong. String theory has shown us the 
way out of the paradox by an explicit construction of black hole microstates - fuzzballs - but 
relatively few people have studied the nature of this construction, so its implications are not 
clear to a large section of the black hole community. 

The underlying reason behind much of this confusion is that the original paradox found by 
Hawking is poorly understood today. Almost all physicists have heard of the paradox, but in 
most cases this knowledge comes through fragments of conversation or tangential remarks in 
papers. In the process the original arguments laid down by Hawking have become somewhat 
obscured. Not surprisingly, it has become hard for physicists to put together the progress in our 
understanding of black holes and come to a common conclusion about the issue of information 
loss. 

In this article we will first lay out the Hawking paradox as an argument in four steps A,B,C,D 
where the last step D is a recently proved inequality that makes Hawking's argument into a 
'theorem'. This theorem establishes that we will necessarily have information loss/remnants 
given certain basic assumptions about how gravity and quantum theory work; thus to get 
information recovery in Hawking radiation we must find a physical process in our theory of 
gravity that violates one of these assumptions. We next turn to some ways in which people 
have attempted to resolve the paradox, noting that in each of these cases one of the steps A-D 
has been ignored, so that the true problem is not really being addressed. Finally we summarize 
the fuzzball construction that resolves the paradox in string theory, noting that some common 
objections to this resolution mistake either the nature of the paradox of the nature or the 
construction. 

2 The paradox 

The argument proceeds in the following steps (for more details see [2]): 
2.1 (A): Existence of a 'lab physics' limit 

The exact description of any physical process must include the effects of quantum gravity. But 
our experience suggests that there is a separation of scales, so that under suitable conditions we 
get 'lab physics'; i.e., physics described to good accuracy by quantum fields on gently curved 
spacetime. The paradox starts with listing the commonly accepted conditions under which we 
must get 'lab physics'; these conditions are termed the 'niceness conditions' on spacetime and 
its slicing: 

(Nl) Our quantum state is defined on a spacelike slice. The intrinsic curvature of this 
slice should be much smaller than planck scale everywhere: <C h. 
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(N2) The spacelike slice sits in an 4-dimensional spacetime. Let us require that the slice 
be nicely embedded in the full spacetime; i.e., the extrinsic curvature of the slice K is small 
everywhere: K <C h- 

(N3) The 4-curvature of the full spacetime in the neighbourhood of the slice should be small 
everywhere <C -k 

(N4) We should require that all matter on the slice be 'good'. Thus any quanta on the 
slice should have wavelength much longer than planck length (A 3> l p ), and the energy density 
U and momentum density P should be small everywhere compared to planck density: U <C 
lp 4 , P <C Let us add here that we will let all matter satisfy the usual energy conditions 
(say, the dominant energy condition). 

(N5) We will evolve the state on the initial slice to a later slice; all slices encountered in the 
evolution should be 'good' as above. Further, the lapse and shift vectors needed to specify the 
evolution should change smoothly with position: Cp ^j- <C p. 

One may wish to add further conditions, but there are some constraints. First, the conditions 
should be either commonly accepted as reasonable or be derivable in a complete theory of 
quantum gravity like string theory. Second, if we impose a new condition, then we will have to 
accept its consequences in all situations, not just the black hole. 



2.2 (B): Constructing a 'good slicing' of the black hole spacetime 

One takes the Schwarzschild black hole metric 

ds 2 = _ (1 _ ™ )dt 2 + (1 _ ^)-l dr 2 + r 2 dn 2 (1) 

r r 

which can be continued past the coordinate singularity at the horizon r = 2M to give the 
Penrose diagram in fig{U We will call this the traditional black hole metric. The horizon is a 
region of smooth gently curved spacetime where the matter fields are in a vacuum state; we 
call such a horizon a 'traditional horizon'. 

We now look at a set of 'good slices' of this traditional black hole geometry. Note that the 
slices must extend both outside and inside the horizon to give complete Cauchy surfaces on 
which we can define the state of our system. While the spacelike geometry of the slices can be 
seen from the Penrose diagram, it is helpful to also view them in the schematic figure [21 where 
we plot r on the horizontal axis and the vertical axis is a schematic 'time'. (This 'time' r will 
cease to be timelike at some point along the slice, so this diagram is only schematic; we will 
not use this time for anything that follows.) 

The slices are described as follows: 

(a) Outside the hole, for r > 3M, we take the slice as t = to = const. 

(b) Inside the hole, time and space interchange roles, since the factor 1 — changes sign. 
We take the spacelike slice to be r = M. 
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(c) We join the two parts (a),(b) by a smooth connector segment C that extends from r = M 
to r = 3M, and remains spacelike throughout. 

(d) To study the evolution, we must construct a 'later' slice: 

(i) Outside the hole, we take t = to + M, where we have advanced the time by M, the 
characteristic scale of the hole. 

(ii) The connector part C is not changed at all. 

(iii) We do not advance the part r = M, since advancing this part 'forward in time' would 
correspond to moving it to smaller r, and we do not wish to go near the singularity at r = 00 
We can see from figj2] that the segment at r = M would have to be extended for a longer 
distance to meet C, thus this part of the slice is 'stretched'. 

At this point one checks a crucial fact: this set of slices satisfies the 'nice slice' conditions 
N1-N5 listed in (A) above. 



Figure 1: The Penrose diagram of a black hole formed by collapse of the 'infalling matter'. The 
spacelike slices satisfy all the niceness conditions N. 

2.3 (C): Creation of the entangled state 

Suppose the black hole was made by the collapse of a shell of mass M. At an 'early time' 
spacelike slice we have only the matter shell \i/j)m on the slice. The evolution to later slices, 

1 In the figures, for the purposes of clarity, we show the r = const part of the slices as having evolved slightly 
forward in time towards smaller r; we can always allow such an evolution as long as we make sure that we do 
not get parametrically close to r = 0. 
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correlated pairs 




i : matter 

r=0 r=2M 

Figure 2: A schematic set of coordinates for the Schwarzschild hole. Spacelike slices are t = 
const outside the horizon and r = const inside. Assuming a solar mass hole, the infalling matter 
is ~ 10 77 light years from the place where pairs are created, when we measure distances along 
the slice. Curvature length scale is ~ 3 km all over the region of evolution covered by the slices 
Si. 



however, leads to a 'stretching' of the slice, as we have seen above. This stretching creates pairs 
of quanta on the slice, and the explicit form of this creation process is critical to the paradox. 

Define a complete set of particle modes by breaking up the slice into regions of length, say 
10M, and taking wavepackets of different frequencies in each region. The regions outside the 
horizon are labelled bi, 62, • • ., and those inside the horizon are labelled ci,P2, . . . (Fig|3]). 

The initial slice in the foliation has only the matter state \i^)m on it, and none of the regions 
Ci,bi. The first step of evolution stretches the spacelike slice, so that the particle modes c\,bi 
are now present on the new slice. The state of these modes has the schematic form 

Impair = ^=(|0>cx|0> 6l + -±=|l) Cl |l) fel ) (2) 

were the numbers 0, 1 give the occupation number of a particle mode. If we compute the 
entanglement of the state outside the horizon (given by the mode b±) with the state inside 
(given by the mode c±) we obtain 

S entanglement In 2 (3) 

At the next step of evolution there is a further stretching, which has two consequences. The 
modes b\, c\ at the earlier step move apart, and in the region between them there appears 
another pair of modes &2> C2 in a state that has the same form as ([2]). This process repeats, so 
that after N steps we have the state 



l*}~H.w (-^|0) Cl |0) 6l + -^|l) (J 
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) 



(4) 



The initial matter shell appears in a simple tensor product with all the other quanta, since the 
stretching leading to pair creation happens in a region far from where this matter is, and so 
has no relation to the matter state in the leading order Hawking process. 
The modes {bi} are entangled with the {M, Cj} with 



This entanglement is seen to grow by In 2 with each succeeding emission. We now see Hawking's 
problem: if the hole evaporates away completely, the bi quanta outside will be in an entangled 
state, but there will be nothing that they are entangled with. This means that we can only 
describe them by a density matrix, so that the initial pure state \iP)m has evolved to a mixed 
state. If the evaporation stops when the hole becomes planck size, then we have a remnant with 
a large entanglement with the bi . An entanglement entropy In N means that the remnant must 
have at least N internal states, and since we could have started with a hole of arbitrary size, 
we find that N (and therefore the remnant degeneracy) is unbounded. Having an unbounded 
number of states for an object with bounded energy and size leads to difficulties with the field 
theory of such objects. We will lump the possibilities of remnants and information loss together 
for the purposes of the Hawking argument, since the argument stops when the hole becomes 
planck scale. 

Even though the simplified form @ holds all the structure needed to understand the infor- 
mation problem, we write the full form of the state for completeness [3] 



Here denotes the occupation number n state for the jth mode in segment bf, this mode 

has energy cjj. Similarly, |{nj}) Ci denotes the occupation number n state for the jth mode of 
segment c%. T is the temperature of the hole, which has been taken as constant here; if we 
wish to take into account the fact that the temperature changes slowly during the evaporation 
process, then we simply let T be a slowly varying function of the index i. 

2.4 D: Small corrections 

This is where Hawking's original analysis stood, but there is an important step that we must 
add. Since the evolution from one timestep to another has been in a region of gently curved 
spacetime, we had no choice but to accept that we create a pair like (J2J) at such a step. But 
there can always be some corrections to the state (j^J), due to quantum gravity effects that we 
have not taken into account. All that we are forced to require from validity of the niceness 
conditions N1-N5 is that these corrections be small. 

Many people believed that these small corrections could have a cumulative effect on the 
Hawking process that would change his conclusion. After all, the number of emitted quanta is 

very large [N ~ ( J for a 4-d hole), and the largeness of iV might offset the smallness of 




(5) 






5 




r=0 



r=2GM 



Figure 3: On the initial spacelike slice we have depicted two fourier modes: the longer wave- 
length mode is drawn with a solid line and the shorter wavelength mode is drawn with a dotted 
line. The mode with longer wavelength distorts to a nonuniform shape first, and creates an 
entangled pair b±, c\. The mode with shorter wavelength evolves for some more time before 
suffering the same distortion, and then it creates the entangled pair 62^2. 



the corrections in such a way that the net entanglement between the {b{\ and {M, a} becomes 
zero by the time the hole disappears. Such a reduction of entanglement happens when a piece 
of paper burns away; at the end we have a pure state of the radiated products {bi} with no 
entanglement with the location where the paper was initially placed. But on the other hand 
if the solution of the information puzzle were that simple, then one has to wonder why no one 
made a simple toy model illustrating how small corrections to the full state (j3|) would lead to 
a state with no entanglement between the {bi} and {M, a}. 

The situation was clarified by an inequality derived in [2], where it was shown that small 
corrections do not change the conclusion that the entanglement rises with each emitted pair. 
The computation is set up as follows. We can choose a basis of orthonormal states ip r for the 
{M, Cj} quanta inside the hole, and an orthonormal basis Xs for the quanta {bi} outside the 
hole, such that the state at timestep n can be written as 



^M,c,b(tn)} = ^CrslprXs 



(7) 



It is convenient to make unitary transformations on the t/j r , Xs so that we get 



|*M,c,&(in)} = ^2Ciip iX i (8) 

i 

In the leading order evolution we would have at time step t n : 

|*M,c,&(*n)> -> l*M,c,6(in)) ® [^l°)cn+i |0)b„ +1 + ^ I l)c n+1 | l)ft n+1 ] (9) 

where the term in box brackets denotes the state of the newly created pair. 

Let us now write down the modifications to this evolution from timestep t n to timestep t n+ \ 
that will encode the small corrections we wish to allow. For the quanta that have left the hole 
at earlier timesteps, we have no change 

Xi -> X* (10) 

In the leading order evolution there was no change to the state of {M, q} inside the hole, since 
the part of the spacelike slice carrying these quanta did not evolve forwards in time. We will 
now allow a completely general unitary evolution of this state to any other state formed by these 
quanta, since we do not need to constrain what happens in the hole to arrive at the inequality 
we desire. The essential constraint is on the pair creation process at the next timestep. In the 
leading order Hawking computation the state of the newly created pair was Impair (eq. ©)• 
We now allow the state of this pair to lie in a 2-dimensional subspace, spanned by |^ , ) pa i r = 
and an orthogonal vector S^: 

s {1) = ^|0) Cn+1 |0) bn+1 + i=|l) Cn+1 |l) 6n+1 
s {2) = ^|0) Cn+1 |0) bn+1 --^|l) Cn+1 |l) 6 „ +1 



(11) 



Thus the most general evolution allowed for the state in the hole is 

V^vfs«+^ (2) s (2) (12) 

where tp^,^ 2 ^ are any two states of {M, (the initial matter and the infalling members of 
Hawking pairs produced at earlier steps). Unitarity of evolution gives H^- || 2 + \ \ip\ || 2 = 1. 
We thus get the evolution 

|*M Ai (Wi)) = Y^Ci[^s^+^s^] Xi 

i 

i i 

= A«SM+A( 2 >S< 2 > (13) 

bince are orthonormal, normalization of |^M,c,b(in+i)) implies that HA^lp+HA^H 2 = 

1. We can now state precisely what it means for the quantum corrections to be small. If the 
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evolution from step n to step n + 1 is to be close to the semiclassical one in any sense then we 
must have produced mostly the state |^ , ) pa ir = and only a small amount of S^ 2 \ Thus we 
write 

||A( 2 )||<e, e<l (14) 

If there is no such bound, then we will say that the corrections to the Hawking evolution are 
'order unity'. 

The result of [2] says that with the smallness condition (|14p we get a minimal increase of 
entanglement at each step 

S n+1 -S n >ln2-2e (15) 

2.5 Fallacies 

There are three common types errors that one might make in searching for solutions of the 
information paradox. The first is that we ignore the explicit evolution in step C, and replace it 
by a new evolution, without giving a mechanism that would achieve this change in our theory 
of gravity. Thus if we replace @ (or its more exact version Q) by a different evolution of 
ones choosing, then we are ignoring Hawking's explicit computation. But the only way we can 
alter Hawking's entangled state is by showing that the black hole does not have the geometry 
discussed in step B. If we wish to use such an alternative solution to the black hole then we have 
to show that this solution exists in our theory of gravity; we cannot just assume its existence. 

The second type of error comes from changing the state on the initial slice in ways that are 
not permitted by our theory of gravity. We have a smooth slice in a smooth spacetime. All 
states on such a slice are assumed to be understood. We cannot therefore write an arbitrary 
set of properties for the state on this slice; for example we cannot assume that the state is 
populated by a large number of high frequency quanta without explaining how (in our theory 
of gravity) these quanta would not have a T^ u that would change the geometry ([1]) . 

The third type of error consists of taking a reasonable state on the initial slice, but then 
assuming a rule for evolution that is not explicitly known to be true in our theory of gravity. 
One instance that we will discuss is the idea that there is a large 'boost' between quanta deep 
in the hole and quanta near the horizon, and this boost gives rise to large nonlocal effects that 
completely alter the state ([2]). There is indeed such a boost, but concrete computations have 
so far failed to reveal any large effect on the pair state ([2]) created at the horizon. 

In short, we must use our gravity theory explicitly to find any deviations from the Hawking 
argument; small corrections (which are always present) do not change the argument (as noted 
in step D), and large changes need us to find some explicit gravitational effect that was not 
noted in early work with black holes. 

3 The Rubic cube model 

As we noted in section 12.41 there is no information paradox when we burn a piece of paper; 
the emitted quanta form a pure state by themselves and there is nothing left behind where the 
paper was. In [2] it was explained that that crucial feature characterizing the black hole is that 
each stage of evolution creates the same entangled state ([2]), upto small corrections. The paper, 
on the other hand, creates a radiated state that depends on the state of atoms on its surface, 
and this state differs from one emitted quantum to the next. 
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To be concrete, let us make a model of burning paper. We start with a set of spins 



l*>o =iuttutiti 



(16) 



If the rightmost two spins are both down, we emit a down spin, leaving the other down spin 
behind, if they are both up, we emit an up spin, leaving the other up spin behind. The emitted 
spin in each case is written to the right of a vertical bar. We also add rules for the cases where 
the rightmost two spins are up-down or down-up: 



intuitu; 
lutmutt 
itmutut 

nntuuu 



intuitu I 
luttuut 1 1 
^= intuitu 

intuitu 



t + 



intuitu 
t ~ itimint 



i 
i 



(17) 



This is a unitary evolution, in which all the spins are emitted one by one, leaving nothing 
behind. (We can also make a permutation of the spins remaining after each emission; such a 
permutation was included in the 'burning paper' model analyzed in [3].) The entanglement 
entropy of the emitted spins with the remaining spins first goes up, and then after about the 
halfway point, comes down, ending at zero. This is in accord with the expected behavior of 
emission from all normal bodies, as noted by Page [5]. 

But the evolution (|17p cannot be mapped to the evolution (|13p with the smallness condition 
(|14p . The difference is also easy to spot. In the evolution (I13p of the black hole, an entangled 
pair is created in the same state (to leading order) at each step; this is because the modes hi, a 
populated at step i stretch out from unpopulated modes of the vacuum, and the excitation 
created in these modes is completely determined by the rule for propagation of quantum fields 
on the metric ([I]). The evolution (|17p . on the other hand, gives an entanglement at each step 
that depends on the state of the two rightmost spins at that timestep. 

Thus writing down an evolution (I17h has no bearing on the information paradox; we have 
not tried to make any connection to the black hole at all. All we have made is a model of 
'burning paper', and their are an infinity of such models possible, one for each ordinary body 
that can be 'burnt'. 



3.1 The Rubik cube model 

Recently a model of black hole evaporation was proposed where we would end up with no 
entanglement at the end of the evaporation process [6]. How could this be true, given that we 
have a rigorous inequality (|15p which says that entanglement rises at each step of the emission 
process? The answer is simple: the model proposed in [6] is actually a model of 'burning paper', 
since it does not follow the conditions required for evaporation in the traditional black hole. 
Let us look at the model of [6] in some detail, to identify this issue more clearly. 

In this model we imagine the black hole to be made of a large number of Rubik cubes. Each 
Rubik cube can be in several different states; we will call these states C\,...C n . The state of 
any cube can be changed by some basic 'moves', called L, R, U. (These symbols stand for Left, 
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Right, Upper, respectively, but we will not need those details of the model here.) We define an 
additional operation N which corresponds to 'no change'. 

At each step in the evolution, these operations act on the cubes making up the hole (in a 
way to be specified shortly), and a particle is emitted in a certain state. Thus we may choose 
the evolution to correspond to a sum of operators N, L, R, U with equal amplitude, and the 
emitted particle states will be n,l,r,u respectively. (Here n stands for 'no emission', which is 
one of the states possible at that step of emission; we had termed this possibility 1 0)j, in ([2]).) 

The only other rule we have is that if a particular Rubik cube moves to its 'solved' state, 
then it disappears from the list of cubes making up the hole, and a quantum in state q is emitted 
to account for the energy lost from the hole by deletion of the cube. Thus the evolution has 
the form 

{Ci,...C m } -> \({NC x ,...NC m }\n) + {LC x ,...LC m }\l) 

+{Rd, . . . RC m }\r) + {XJC X , . . . UC m - X }\qu)) (18) 

where we have assumed that the operation U brought the last cube in state C m to the 'solved' 
state and hence lead to emission of an extra quantum q. 

The authors of [6j checked carefully that the overall evolution is unitary, and that it led to 
an eventual disappearance of the hole, with all the energy appearing in the radiated quanta. 
The final state is a linear combination of states of the form \unlrqu . . .) where we have a general 
sequence of quanta in the different allowed states. This final state is a pure state by itself, not 
entangled with anything else, and we seem to have obtained black hole evaporation with no 
remnants/information loss. Where did the theorem fjl5[) go wrong? 

The answer, however is clear; this Rubik cube model is like the burning paper model, and 
not a model of the black hole. Any model of the black hole has to start with a metric that can 
be demonstrated to exist in the theory (this is usually the metric {!])), and then has to use a 
rule for evolution that is forced by the evolution of fields in that metric. In particular, if we 
assume the metric ([T|) as a good approximation to the state of the hole, then the evolution has 
to have a structure like (fl~3j) with condition (fl~4")) . 

Let us write an evolution in the Rubik cube setup that would accord with these constraints. 
As the analog of ([2]) we take 

{Ci, . . . Cm} -> ^{Ci, . . . C m } ® - (n'i ® m + l[ ®h+ r[ ® n + u[ ® (19) 

where the quanta n' , I' , r', v! are the members of the created pairs inside the hole. The essential 
feature of the evolution (step C in the Hawking argument) is now captured, and the entangle- 
ment between the inside of the hole and the outside has increased (by In 4 in this case) . At the 
next step we will have another increase in entanglement 

{Ci, . . . C m } -> {Ci, . . . C m } <8> ^ ® ni + l[ ®h + r[ <g> n + u[ ® u^j 

<g)- (n' 2 (8) n 2 + 1' 2 <8> h + r' 2 <8> r 2 + u' 2 <S> u 2 ^j (20) 

Note that we do not have to keep the internal quanta n\ , l[ , r± , u\ unchanged at this second 
step; they were left unchanged in the leading order Hawking process but in our derivation of 
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the inequality (fT5|) we have allowed such quanta to be mixed with the state {C%, . . . C m } of the 
hole in an arbitrary way. Thus we can replace ()20p by 

{Cx,...C m } -> {C[,...C' ml }®-^n' 2 ®n 2 + l' 2 ®l 2 + r' 2 ®r 2 + u' 2 ®u 2 ^ (21) 
where the map 

{Ci, . . . C m } ® - (n\ ® m + ^ ® Zi + ri ® n + «i (8) «i) -»• {Cj, . . . C^,} (22) 

is unitary. Thus in particular the index ml would need to be larger than m, to accommodate 
the needed degrees of freedom. What we cannot do is alter the factor | ^n' 2 ® n 2 + l 2 ® h + 

r 2 ® ^2 + u 2 ® 1*2 J in (|2ip . since it is forced by evolution of modes in the metric (H|). (More 
precisely, we can allow 'small corrections' to this factor in line with (|14|) . but these corrections 
do not change the conclusion about monotonically increasing entanglement, and anyway such 
small corrections were not considered in [BJ.) 

Thus while the the model of [6J is a nice model of unitary evolution, it does not build in 
step C of the Hawking argument, and is therefore not addressing the Hawking paradox at all. 

3.2 Amplitudes vs probabilities 

We still need to ask why the Rubik cube model was considered as a potential model for black 
holes. The reason can be traced to an interpretation of the term 'information free horizon' that 
does not incorporate its full significance. 

The term 'information free horizon is meant to signify that the state of quantum fields at the 
horizon is the natural vacuum arising in the process of gravitational collapse - this is the state 
used in Hawking's evolution, and it generates the entangled state (j4]). It can be seen that the 
probability of occupation number in a mode 6^ is i, and the probability of occupation number 
1 is J. Thus one can say that for an observer outside the hole, at each step the possibilities of 
no emission (0) or getting an emission (1) are randomly selected with equal probability. 

But this probability distribution has nothing to do with the meaning of the phrase 'informa- 
tion free horizon'. An 'information free horizon' generates the particular entangled state (|3|), 
not any other state that may have the same probability distribution for observers outside the 
hole. Thus in particular consider a state like 




where we have changed some positive signs to negative. This state also has probability | for 
emission at each step, but is not the state created by evolution in an 'information free horizon'. 

We can see this issue again in 'burning paper' model (|17|) that we constructed above. The 
probability of emitting an up or a down spin at each step is \ . But we should not confuse this 
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with emission from an 'information free horizon': as we had noted, the evolution rule (|17p does 
not map to a rule which would give state like 

We can now see that the Rubik cube model of [B] has a probability distribution of emission 
that could agree with black hole emission, but not the state generated by an information free 
horizon. The latter kind of state would be something like (|19|) . and such an evolution would 
have Hawking's problem of ever increasing entanglement. To understand the paradox we have 
to focus on the entangled state of the pair that is created. One member of this pair is outside 
the horizon and one inside, so we cannot understand the paradox if we focus on reproducing 
the probabilities seen by the outside observer. 

To summarize, the model of [6] is an excellent example of what black holes would do if their 
internal structure were such that Hawking radiation was a unitary process. The problem is 
that the metric ([I]) does not give an evolution like the one used in [6], and when people tried 
to find deformations of this metric, they did not succeed - this is the 'no-hair theorem'. As we 
will see later, the fuzzball construction did find the needed 'hair', and then black holes do emit 
like burning paper. 

4 Hawking radiation as tunneling 

There are many derivations of the Hawking radiation spectrum, apart from Hawking's original 
one. One of these is the method of 'tunneling', where one considers the path of a shell that 
starts as a virtual excitation but then tunnels its way out of the horizon to escape as a real 
quantum. This method allows computation of 'backreaction' in the sense that the hole left 
behind has energy M — AE, where AE is the mass of the escaped shell |7J El [9]. 

It has been noted that the Hawking emission rate arising in this method of computation 
can be written as 

T(AE) ~ e - ASbek (24) 

where ASbek is the decrease in the Bekenstein entropy [10] of the hole upon reduction of its 
mass by AE. It has been argued in [11] that the changes in temperature upon each emission 
(computed from the backreaction) generate correlations among the emitted quanta and remove 
the information problem. 

There are several things wrong with this argument, but before discussing the information 
question we begin with a few basic observations. The relation (|24l) has a ~ sign instead of an 
equality. This is standard in leading order tunneling calculations, where the exponent arises 
from the classical action, and the prefactor is an order h correction. But in the present case 
ASbek ~ 1 f° r emission of a typical quantum with energy AE of order the temperature T: 

AS bek ~ M8M ~ ^AE ~ 1 (25) 

Thus the exponent on the RHS in (I24j) is order unity. But in that case we have to ask: what is 
the significance of the estimate (|24p if we dont know the prefactor? The part we are missing is 
of the same order as the part we have written. Further, there is some essential physics in the 
missing part, since (|24|) has different units on its two sides: T is the probability of emission per 
unit time, while the RHS has no units. 

This missing prefactor may appear to be a minor irritant, since one could try to perform a 
higher order computation and get the prefactor. But things are not so simple. In a tunneling 
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computation like a-decay, the exponent comes from the WKB action under the barrier, and 
the prefactor is computed from the number of times the tunneling a-particle hits the barrier 
per second as it bounces back and forth in its potential well. Thus this prefactor has units of 
y^g, and supplies the correct units for T. But how do we think of the black hole interior as a 
box in which the shell was bouncing back and forth before tunneling out? 

Addressing this question will bring us to the essence of the information problem. The 
a-decay example yields a lesson for the black hole case: to understand the prefactor we will 
need to know the wavefunction of the shell in the interior of the horizon. This is exactly 
the part of the wavefunction which in the Hawking computation gets entangled with the part 
of the wavefunction outside. If we ignore this interior part of the wavefunction, we miss the 
entanglement completely, and thus fail to understand the paradox. 

Thus we see that there is no way to proceed with an analysis of the information problem 
on the basis of a relation like ()24j) : this estimate of the radiation rate has no data about the 
nature of the entanglement. We now wish to consider a computation presented in [11] where 
it was argued that emissions with the probability structure ()24|) result in a complete recovery 
of the information of the hole. Before we note the argument, it will be helpful to consider a 
simpler process than black hole emission: Schwinger pair production in an electric field. Thus 
consider two parallel plates, the left one carrying a charge Q and the right one a charge —Q. 
We can think of the left plate as analogous to the interior of the hole and the right plate as the 
exterior of the hole. The field between the plates creates e + e~ pairs, with the flying towards 
the left plate and the e + flying towards the right plate. Let us collect these e + ,e _ quanta in 
some detectors placed just before the plates, so that we can measure their state later at leisure. 
Let the spins of the e + e~ be entangled, so that the overall state is a singlet 



This entanglement is similar to the Hawking radiation case, and the left and right sides of our 
experiment are entangled with entangled entropy In 2. Succeeding emissions will increase this 
entanglement, by In 2 at each timestep. 

Now suppose somebody argues in the following way. "At the first timestep the state of the 
e + on the right had an entanglement entropy In 2. Thus collecting the e + brought an entropy 
AS = In 2 to the right side. This means that there has been a decrease in entropy by In 2 on the 
left side. After N steps, we have removed an entropy AHn2 from the left side, so the entropy 
on the left should have gone down by Ann 2." 

This argument is of course manifestly incorrect; entropy arises from the entanglement of 
the two sides, and is not a quantity that moves out of one side to the other. The entropy of the 
left side has not decreased; it has in fact increased with each emission. 

Now let us summarize the argument of [11] for the black hole case: 

(a) We write P[E] = T[E], identifying the probability P[E] of emitting a quantum of energy 
E with the rate of Hawking emission T[E]. This identification has the problem noted above 
that that the two quantities have different units. 

(b) We note that the shell tunneling calculation gives 




(26) 



F[E] 



87rJ3(Af-§) 



(27) 
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We ignore the difference in units between various quantities, and write 

P[E] = T[E] = e -**E(M-§) = e -As bek ( 28 ) 

where in the last step we have used Sbek = 47rM 2 . 

(c) We make two observations about the function T[E] in (|28p : 

(i) We have 

Y[E X: E 2 \ = r^jr^l^a] = r[Ex + E 2 ] (29) 

where rfE^I-Ei] is the probability of emitting E 2 given that E\ has already been emitted (and 
thus lowered M to M — E\). Note, however, that this relation is true even if we ignore the 
backreaction due to emission of the first quantum, and just take 

T = e~ 87TEM (30) 

(ii) We note that 

F[E 1 ,E 2 ]^r[E 1 }F[E 2 } (31) 

if we use T[E] = e -^ E ( M -§). Here we would have obtained T[Ei, E 2 ] = r[#i]r[# 2 ] if we had 
usedr = e- 8 ^ M . 

There is an important issue to note here. It has been argued in some of the articles in 
[llj that the inequality (I3ip is responsible for the correlations that transfer information to the 
radiation. But as we will see, the actual computation uses only the relation (|29j) . which holds 
even for T = e -& nEM where we have no such correlations. 

(d) The probability for emitting a sequence of quanta E\ , . . . E n leading to complete evap- 
oration of the hole is 

P[E u ...E n ] = r[E 1 ,...E n ]=T[E 1 ]T[E 2 \E 1 }...T[E n \E 1 ,...E n _ 1 ] 

= r [£! + ... + £„] = T[M] = e~ Sb ^ (32) 

where at the last step we have used (f29|) . Letting each emitted sequence correspond to a 
different initial microstate of the hole, we find that there were e Sbek possible initial microstates. 
Since this equals the Bekenstein entropy of the hole, we conclude that the emitted particles 
have carried away the entropy of the hole, and there is no information loss. 

It is easy to see where this argument for information loss fails. As we already noted, 
the mismatch of units in (|28p hides the important fact that we are missing the part of the 
wavefunction that is inside the holell The argument that (131 builds in information-carrying 
correlations seems to have no relevance to the final result, since (|29p . the equation we actually 
use, is true even with the choice (j30|) which has no such correlations. Most importantly, step 
(d) makes the same fallacious argument that we noted for the Schwinger paradox: it assumes 
that the black hole radiates like burning paper and each emitted quantum carries entropy away 

2 The computation of [7] starts with the full wavefunction on the Cauchy slice, and then proceeds to get the 
emission rate. In such a computation the entanglement of the wavefunction on the two sides of the horizon can 
in principle be computed; these papers do not argue that correlations inherent in (|24[) will lead to a resolution 
of the information paradox. The paper [8] does not argue for information recovery either. Thus the difficulty is 
not the the tunneling computation itself; the difficulty lies with the suggestion that correlations inherent in the 
tunneling calculation will resolve the information problem. 
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from the hole. As we have seen above, such is not the case; the Hawking problem arises because 
of a growing entanglement entropy between the inside and outside of the hole. The paradox 
can be addressed only when we start with the full entangled wavefunction which straddles both 
sides of the horizon; the paradox cannot be addressed by focusing only on the probabilities of 
emission. 

A final comment: when people describe the Hawking process in terms of probabilities, they 
sometimes say that information will be contained in 'deviations from thermality'. We must 
be careful with such statements, however. The 'thermal spectrum' is a particular probability 
distribution, and as we have remarked above, not directly related to the entangled wavefunc- 
tion. As a simple illustration of the difference, note that the wavefunction © has a thermal 
distribution of emitted quanta, while the simplified wavefunction (j4]) has all its emission at just 
one frequency (which we can imagine to be u = T). The amount of entanglement at each step 
is however of the same order in the two cases. Thus the essence of the Hawking problem - the 
entanglement - has very little to do with the distribution of emitted frequencies. 

5 Difficulties with modifying the entangled state ([6]) 

In section [3] we saw that writing an arbitrary unitary evolution for the black hole is incorrect: 
to address the paradox we have to find a reason why the specific evolution (j!3|) . (|14j) should 
be modified. We now move on to attempts to modify this evolution by finding suitable effects 
in quantum gravity. We can look for modifications in the state of the system on the initial 
slice, or we can look for modifications in the evolution rule created by specific quantum gravity 
interactions. 

5.1 The creation of pairs 

Let us recall where the entangled state © comes from. Suppose we have a massless scalar field. 
We quantize by expanding in modes 

U x ) = ^2 (a n fn(x) + alf*(x)j (33) 

n 

where the mode functions f n (x) satisfy the wave equation □/„, = 0. Imposing [a„, aL] = 5 n>m , 
we define a vacuum state a n |0) a = 0, and particle excitations are then given by acting with oX 
on |0) a . 

When we consider a later slice in the evolution, different field modes may be natural for 
defining particles. Writing 

= (l>n9n{x) + bUU x )) ( 34 ) 

n 

with Dg n = 0, [b n , bin] = £ n , m , we define a new vacuum by b n \0)b = 0, and get particles created 
by b n on |0)&. 

The Hawking computation consists of taking the slicing in step B of section [2] and finding 
that a vacuum state of fields on an initial slice evolves to a state of the form © after evolution. 
It may appear at first glance that particle creation is not a very well-defined process, since 
different choices of modes lead to different numbers of particles on a slice. But it should be 
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noted that there is a standard definition of particles for the modes hi which are in the part of 
the slice outside the horizon. One may use different choices of modes inside the horizon; this 
region of spacetime is curved with curvature of the same order as the wavelength of the created 
quanta, and no particular choice is canonical. Taking one of these choices, the form ([6]) was 
obtained in [3J. But the important point is that whatever basis we use for the modes inside 
the horizon, the entanglement entropy between the bi modes outside and the modes inside will 
be the same. This follows from a simple mathematical fact: if two systems are entangled, and 
we make a unitary transformation on the states in one of the systems, then the entanglement 
entropy between the two systems is not altered. 

5.2 Adding extra quanta on the initial slice 

To resolve the information problem, people tried to change the entangled state ([!]) to a different 
state, which would have no entanglement between the parts inside and outside the hole. (We 
will use the schematic form @ in place of the full state ([6]) for simplicity in the following 
discussion.) The first place to look for changes would be to consider alternative states on the 
initial slice of the foliation. 

We have seen that if the first slice has the vacuum state in its 'middle' part (the neighborhood 
of the part that will stretch), then the next slice in the evolution has the particular entangled 

state M0)ci 10)^ + ^|l)ci|l)bi^- Thus suppose the middle part of the first slice was not in 
the vacuum state but had a particle on it, with wavelength A ~ R, where R is the Schwarzschild 
radius of the hole. All lengths scales in the evolution are determined by R: the size of the region 
that stretches, the time gap between the two slices, and the wavelengths of the created &j,Cj 
quanta are all ~ R. Thus the extra quantum we have placed on the initial slice can affect the 
state on the later slice by order unity; for example if we are looking at a bosonic field, then 
we get a bose enhancement for creating a quantum if a quantum was already present in that 
mode. Let us assume that the state of the created pair changes as 

-L(|0) cl |0) 6l +i=|l) Cl |l) 6l ) -> i=(|0) cl |0} 6l +2|l) cl |l) 6l ) (35) 

We have now succeeded in modifying the Hawking evolution by order unity at this step. This 
state is still entangled between the b\ and c\ modes, but at least we have moved away from 
the Hawking state ([2|) by order unity, and can hope a succession of such changes might yield a 
state with zero entanglement. 

But unfortunately such changes do not persist at the next evolution step. The evolution of 
slices is a process of progressive 'stretching'. The extra quantum we had placed on the initial 
slice, and the quanta created at step (|35j) . move away from the 'creation region' and the next 
quantum is again created from the vacuum in the state 

-^(|0) C2 |0) fe2 + -^|l) C2 |l) fc2 ) (36) 

and so on for all future steps. We have not solved the Hawking problem this way. 

Why dont we put many quanta on the initial slice, so that the pair state created at each 
step is modified by order unity? Since there is a stretching at each timestep, one finds that on 
the initial slice one needs to add quanta with wavelengths R, R/2, R/&, .... With such a state, 
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we can imagine that at each timestep there is a quantum present that will affect the process of 
pair creation by order unity. But how many such quanta will we need to take? 



The hole emits ~ 1 uan ^ a m ^ s evaporation process. If we try to populate all the 

relevant modes on the initial slice, then we will have to populate modes of energy much larger 
than planck energy, and the geometry in the vicinity of the slice will be nowhere near the metric 
(PQ). It is unclear how such a state can be created in the gravitational collapse of a smooth, 
finite density shell. 

A final possibility is that we can try to populate only a few modes, say the first 100 in 
the set with wavelengths R, R/2, R/4 . . ., and trust that when these modes stretch away, new 
excitations will be created on the slice to take their place. In that case we would have a 'gas' of 
quanta floating in the vicinity of the horizon, modifying the evolution away from the Hawking 
state (JU). 

But the 'no-hair theorem' tells us that we cannot find such states |12j . The 'theorem' is not 
really a rigorous result, but a statement of the fact that considerable work has failed to find a 
deformation of the metric ([I]) that maintains its structure over time. That is, we can certainly 
add excitations to the black hole metric on one time slice, but as we follow the evolution in the 
good slicing, these excitations will be moved away from the horizon region, leaving the later 
steps to again create pairs in the state ([2]). 

This fact is important. People often think that the pairs created at earlier steps somehow 
form a 'cloud' of particles around the horizon, and these particles influence all later pairs that 
are created. This would indeed be the case in a normal body, but is not so for the black hole 
with metric (pQ). We can add an initial gas of quanta to the hole, but after these quanta have 
stretched away, the new pair is always created by stretching of a vacuum region. 

5.3 The 'large boost' argument 

Having failed in finding a suitable change to the state on the initial slice, we can try to look for 
changes in the evolution of this state to the next slice. The difficulty we face is of course is that 
our evolution region satisfies all the niceness conditions N1-N5 noted in step A of the Hawking 
paradox. So how do we get away from the conclusion that the evolution satisfies (I13p .( ll4p ? 

A significant number of attempts at resolving the paradox were based on the failure of the 
Schwarzschild coordinates at the horizon. An observer at rest in the Schwarzschild frame near 
the horizon has a high relative velocity compared to an observer who falls in from infinity along 
a geodesic; this velocity approaches the speed of light as we take the observer closer to the 
horizon. This large 'boost' between the two frames is then argued to bring in new physics, not 
incorporated in Hawking's original computation!! 

The difficulty with this approach is that the Hawking argument does not actually use the 
Schwarzschild frame at all. The Schwarzschild frame fails at the horizon, so the argument uses 
instead a 'good slicing' that allows us to study modes that straddle the horizon; after all these 
are the modes whose evolution is crucial to the entanglement process. 

We should therefore first convert the 'large boost' mentioned above into an effect that can 
be seen on the 'good slicesQ and then ask what effects, if any, this large boost produces. 

3 This large boost has been noted in arguments by 't Hooft and Susskind, among others. 
4 This version of the 'large boost' was described to me by Don Page. 
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Thus consider one of the spacelike surfaces in our foliation (figj2])). Let n a be the unit 
normal to this spacelike slice. In the part r > 3M, this normal is just along the t direction, 
while in the part r = const the normal will be in the negative r direction. 

Start with this normal at one point along the spacelike slice, and parallel transport it a 

short distance 5s along the slice (9,(f> are kept fixed). The parallel transported normal differs 

i 

from the normal at the new location by an amount 5n a . Compute b = ^^r^f^ 2 ■ Finally, 
define the boost between two different points on the slice as 

B = I 2 b(s)ds (37) 

J si 

(We have used the proper length s, measured from an arbitrary initial point, as a parameter 
along the slice.) 

It can be easily seen that there is no large boost along the outer part of the slice or on the 
'connector segment' C. But there is a large boost along the r = const part of the slice, because 
this segment is so long. 

Let us compute B explicitly to see this. The unit normal along this part of the slice has 
nonvanishing component n r = —[—(1 — ^r-)] 5 = — 1 where in the second step we have put 
r = M as the value of r at which we have this part of the slice. The coordinate along the slice 
is t, with 5s = [—(1 — ^r-)] 5 <5i = 5t. Parallel transport gives (again setting r = M) 



5n l = -Yl t n r 5t = -—St = ~—5s (38) 



1 e 1 
—St = 

M M 

Thus b = jj, which is not large. The integral over s is very large though. Each mode q 
occupies a length 5s ~ M on the r = const part of the slice, and the number of such modes in 

the evaporation process is ~ ( ) . Thus 



1 M \ 2 M \ 2 

B ~ bAs M( ) ~( ) >1 (39) 

M m p i J m p i J 

Thus we have a large boost between the the lower and upper ends of the r = constant part of 
the spacelike slice. The lower part is where the initial infalling matter resides (see figE]). The 
upper part lies in the region where the new pairs are being produced. The crucial question now 
is the following: does this large boost lead to a new and unexpected long-distance interaction 
between these two well-separated parts of the spacelike slice? More precisely, will the state of 
a newly created pair be significantly altered from the form ([2]) due to these new effects? 

And here is where the arguments invoking the large boost run into trouble: no one has 
shown that there is an effect in the theory of gravity that will give the desired kind of effect. 
The easiest way to appreciate the situation is to look at another, more familiar, example where 
such a large boost arises. Consider a flat Roberson- Walker cosmology 

ds 2 = -dt 2 + a 2 (t)[dx 2 + dy 2 + dz 2 ] (40) 

Take the unit normal at x = 0, which is give by n* = 1. Parallel transport it to (5x,0, 0), and 
compare the transported vector to the normal at the new position. The change is 

5n x = -Tt^Sx = -~5x (41) 
a 
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Using ds = adx, we find b = | . Defining the boost B just as in the black hole case, we get for 
two points separated in the x direction 



We see that we can make this boost as large as we like by taking the points x±,X2 sufficiently 
far apart. 

Thus we see that the large boost is present both on the Cosmological slice and on the good 
slice of the black hole. But in Cosmology, we do not assume that such a boost will create order 
unity nonlocal effects. For example, we do not expect that the evolution of a spin placed at x\ 
will depend significantly on the state of a spin placed at X2- In fact physics remains local in 
Cosmology, even though we have arbitrarily large boosts along the slice. 

Thus we see that one has to be careful in making arguments for altering Hawking's entangled 
state; if we conjecture a new effect then we must first define it precisely and then check its 
validity in other situations in gravity. 

6 Entangling with gravity 

Hawking's argument uses no details of quantum gravity. This is justified by the nature of the 
good slicing where everything looks to be well described by 'quantum fields on curved space', 
and any residual quantum gravity effects are encoded in the small corrections of step D in the 
argument. But there have been many attempts to argue that quantum gravity plays a more 
direct role in the evaporation process. 

One notion that has been sometimes mentioned is the idea that the wavefunction of matter 
gets heavily entangled with the gravitational degrees of freedom of the hole, and thus any 
semiclassical picture using 'quantum fields on curved space' would miss an important aspect 
of the evaporation process. This idea of 'entangling with gravity' sounds profound at first 
sight. It is also true that any wavefunction in general relativity can have such an entanglement. 
But our interest is in finding out if such entanglement has any consequences for the Hawking 
argument A-D. In this section we will make some general remarks about 'entanglement with 
gravity', pointing out that such entanglement is no different from any other entanglement, nor 
is it something that invalidates semiclassical reasoning on the good slices. 

6.1 Some suggestions about entangling with gravity 

Let us first note some ideas suggesting that entanglement with the metric might be an issue 
relevant to the Hawking paradox: 

(a) For an outside observer, each emission is probabilistic; there is, say, a probability ^ that 
there is no emission and a probability \ that there is emission. Thus after an emission the 
black hole is left in a superposition of mass states, M\,M2- This spread in mass will grow 
with succeeding emissions. But the gravitational field is tied to the mass M of the hole by the 
Gauss constraint, and so we will have a superposition of many metrics gi in the description of 
the system. Thus it seems inherently incorrect to describe the black hole by quantum fields 
on a given curved space; if we use some average metric to describe the emission then we are 




XI 



(42) 
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missing the fact that the state of the emitted quanta is somehow entangled with the state of 
the gravitational field. 

(b) Let us assume that the energy spectrum in our theory is discrete, with no degeneracies 
between energy levels. Then if we measure the mass of any system accurately, we can predict its 
internal state. In particular the mass of a black hole is known from the falloff of the gravitational 
field at infinity, so we should know its internal state exactly; in this sense information can never 
be lost in a quantum theory of gravity. 

We will first make some general observations about the nature of entanglement with gravity, 
and then return to addressing the above arguments. 

6.2 Entangled spins 

Consider a spin ~ particle, that could be in states | t)z or | \,) z . The state with spin in the 
positive x direction is 

|t>* = ^(|t>z + U>») (43) 

and measurement of the x spin in this state will give the value a x = | with probability 1, the 
value a x = — ^ with probability 0. 

Now suppose this spin is entangled with another system, which has two orthonormal states 
\a),\b). Consider the state 

l^i> = -^(lt)*|o> + U>*|6>) (44) 

This time we do not make a state with spin in the x direction; in fact if we measure x spin we 
will get a x = with probability ^ and a x = — \ with probability \. Thus entangling the spin 
with another system changed its properties in an explicit and measurable way. 

Now let us consider how we might entangle with gravity. Let there be a small magnetic 
field in the laboratory, so that | f)z has slightly more energy than | 4) 2 . Then these two states 
will produce slightly different geometries g,g'- Thus we get states | t)z|ff) an d | i)z\g')- Now 
consider 

\^) = ^(\t) z \g) + \i) z \g')) (45) 

Let us ask: is this a state with spin in the x direction? At first sight this state looks similar to 
(|44p which was not a state with spin in the x direction. But in fact (|45p is a state with spin in 
the x direction. The difference from (I44p is that whereas in that case there were four states of 
the overall system, now we have only two; the Gauss constraint of general relativity links | t)z 
to \g) and | \) z to \g'). The other two combinations | t)z|</) an d | i)z\g) are not allowed. In 
fact the operator a x acts as 

| t>*|<7> ->• I DzW), I DzW) ->• I t)*l<7) (46) 

so that the metric created by each spin state gets 'carried along' in the wavefunction at all 
stages. This is of course as it should be; each state in the lab has a slightly different energy 
and so a slightly different metric, but we do not need to write the metric along with each 
state because it just 'gets carried along'. Thus we usually just write (| t)z>| 4)z in place of 
I t)z\g), | \)z\g')- To summarize, usual entanglement like (I44|) changes the way we superpose 
spins, but the Gauss constraint of gravity imposing (j4"5j) does not have this effect. 
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6.3 The wavefunction with gravity 

The wavefunction in gravity has the form ^/[ 3 g(x),(j)(x)], where we have assumed that the 
spatial manifold is parametrized by 3 coordinates x, 3 g is the metric on this manifold, and 
the matter is taken to be a scalar field (j). The diffeomorphism invariance imposes constraints 
Tii(x) = 0,i = 1,2, 3 and H± = from the space and time diffeomorphisms respectively. In 
particular, these constraints contain the 'Gauss law' for gravity - the relation between the the 
falloff of the metric at infinity and the stress-tensor in the interior. 

A general wavefunction will of course be entangled between the matter and gravity parts 

n i g^] = M*g\xi[4>] + i>2?g]x2[4>\ + --- (47) 

and Hamiltonian evolution will create such entangled states even if we start with a state that 
is unentangled between the matter and gravity parts. It is convenient to split the gravitational 
field into its propagating degrees of freedom (gravitons), and the coulombic part (which is fixed 
by the matter stress-tensor). The propagating modes are no different, conceptually, from a set 
of scalar fields, so let us label them (/>/%. We can certainly entangle the matter field 4> with these 
degrees of freedom but conceptually this is just like having several matter fields, and letting 
the wavefunction be entangled between them. For the coulombic mode, we had considered a 
simple example in (|45p above, and noted that the entanglement is automatic but trivial - it 
just gets carried along with the matter field configuration. Thus we do not find any unexpected 
effects from the entanglement of matter and gravitational degrees of freedom. 

We can still ask what happens if the wavefunctions V'iPs] m 63) ar e peaked at very different 
values of 3 g for different i. The answer is - nothing. Each component i evolves by itself, and 
one superposes the answer, with no serious consequences for the issue of interest to us: the 
entanglement between radiated quanta and the black hole. Let us examine this aspect in more 
detail. 



6.4 Metric 'spread' in black hole evaporation 

Take a black hole of mass mH It emits quanta with E ~ p ~ The emission of such a 

quantum gives a recoil to the hole with momentum Ap ~ (Jm- The overall emission process 

emits N ~ ( ) quanta, and these are emitted in random directions. Thus after a significant 
fraction of the hole has evaporated, the hole has a momentum of order 

P ~ ^7TT-r ~ (—) 7777 ~ m pl ( 48 ) 



GM \ m p i J GM 

2 rp 

l P i ~ "V 



where we have used G ~ & ~ m ? . This corresponds to a velocity 



v ~ — ~ —r-r (49) 
MM y 1 

The evaporation time is t evap ~ Gm|^| . A velocity of order ()49|) over this time would give 
a displacement 

vt evap ~ -jtGm(^~Y ~ GM^— > GM (50) 



M ' \m pl J ' m p i 



The model discussed below was suggested by Don Page. 

6 We restore the Newton constant G in this section since it makes the estimates more explicit. 
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Thus in the course of its evaporation the black hole moves away from its initial position by 
distances much larger than its Schwarzschild radius, and in general the wavefunction of the 
hole will involve a superposition of different positions. We can therefore wonder: if somebody 
used a definite semiclassical metric (the Schwarschild metric with center at r = 0) to study the 
evolution of radiation, would he come to completely incorrect conclusions? 

Put this way, this looks like an argument against Hawking's computation. But as usual, we 
need to follow the argument to its end to learn if we have resolved the paradox. Thus we look 
at a simpler situation where we also get a superposition over different center of mass positions 
in the wavefunction. Consider 1 Kg chunk of Uranium 238, containing ~ 10 24 atoms. The 
atoms decay slowly with a half life of 10 17 seconds. Each decay yields ~ 4 MeV of energy in 
alpha decay, which imparts a momentum recoil 



which implies a velocity v ~ 10 -5 cm/ sec. In the decay time of 10 17 sec, the chunk moves 10 12 
cm. This is much more than the size of the chunk, which is ~ 1 cm. 

Thus we seem to have the same issue as with the black hole. The details of the evaporation 
are of course different: when all the atoms in the Uranium have decayed, the chunk comes 
to a ground state that is directly tensored with the emitted quanta, while the black hole got 
progressively more entangled with its radiation. But the fact that the decaying object moves 
by a distance more than its own size is true in both cases. 

Now we should ask: what is the consequence of the position uncertainty for the decay of the 
Uranium chunk? Do we have to use any new physics which we did not use for the decay of a 
chunk that was fixed in position? The answer is no; each emission occurs from a location that 
could be different from the location at other times, but the decay process, and its consequences 
for entanglement, remain the same. 

A similar reasoning shows that the basic relation for Hawking emission (|15p remains un- 
changed; the entanglement rises with each emission, even though the center of mass of the 
hole may slowly drift from one position at the start of evaporation to another near the end. 
Returning to our original issue, we note that the presence of many different metrics gi in a sum 
like (|47p does not by itself create a novel effect that would invalidate Hawking's argument. 

6.5 Quantum gravity and information 

In [13] it was noted that because the Hamiltonian of gravity is a boundary term on shell, 
there may a sense in which information about the interior is coded into the gravitational field 
at infinity. It was further suggested that this fact may have a role to play in the information 
paradox: if information is always at infinity in a certain sense, then there cannot be information 
loss when black holes form and evaporate in the interior. Let us examine this statement in light 
of the Hawking argument steps A-D. 

The actual computations in |13j relate to the algebra of boundary observables and are 
correct. But our interest is in seeing what they might say about the information question. 
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And here we come across the following difficulty. Since the arguments are abstract, they do 
not tell us exactly what happened in the evolution of the black hole; they just argue that the 
evolution is unitary. If we are given unitarity, then the Hawking argument forces us to a final 
state where the emitted quanta are entangled with a remnant. We can take spatial infinity to 
be at a surface that surrounds the entire system - the radiation and the remnant. Then the 
argument of [13J is consistent with the following outcome: the initial collapsing matter shell 
evolved to a remnant entangled with radiation. 

But in that case we have learnt nothing new about the information paradox - remnant plus 
entangled radiation was always allowed as an outcome consistent with unitarity. If we wanted 
the other outcome - radiation not entangled with anything - then we had to find some effect in 
the quantum gravity theory that would break one of the steps A-D in the Hawking argument. 
But the abstract argument of [13] does not attempt to do that; in fact it does not investigate 
any specific mechanism of evolution. 

To summarize, while the discussion of [13] is significantly more sophisticated than the sug- 
gestion (b) of section 16. 1[ at the end the issue is the same: to get the radiation to be in a 
pure state we need to know which of the steps A-D broke down, and abstract arguments about 
gravity and its Gauss law constraint do not tell us that. 

6.6 Summary 

Some people have a general belief that 'entangling with gravity' is a relevant issue for the 
information problem. Since there is no concrete computation based on this belief, we have 
contented ourselves with exploring some ways in which entanglement with gravity can occur, 
and noted that in each case such entanglement does not affect the Hawking argument A-D. 
We noted that the propagating modes of gravity are like any other quantum field, and so add 
nothing new to the issue. The coulombic mode is determined by the Gauss constraint, but as 
we saw by simple examples in section 16.21 this effect does not really generate an entanglement in 
the usual sense. The idea (a) in section IBTTl noted that the wavefunction of the evaporating hole 
can be spread over widely different metrics. But as we saw by an explicit example in section [631 
such a spread has no consequences for the growing entanglement in the Hawking computation. 
The argument (b) of section [6TT1 is a little naive: it does not analyze the implications of the non- 
degenerate spectrum for the entanglement issue. Further, the process of Hawking evaporation 
generates states that tend to be degenerate in energy. This is because the members of a created 
pair have opposite quantum numbers, so the two possibilities - having the pair or not having 
it - are degenerate. The argument of |13j had suggested that information in gravity was, in a 
sense, always at the boundary; this argument appears to be a more sophisticated version of the 
idea (b) in section 16.11 But we noted that at this level of abstraction the argument is equally 
consistent with remnants, and does not offer any physical mechanism that would counter the 
steps A-D in the Hawking argument. 

7 Subleading saddle points in the Eucliean path integral 

A few years ago Hawking announced that he had changed his mind about the information 
puzzle, and now believes that black hole evaporation is a unitary process. But people have 
been confused about the reasons he advanced for his change of view. His paper [14] on the 
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subject was not very detailed. The relativists who believed in information loss continued, for 
the most part, to do so. Kip Thorne, Hawking's co-signer in the bet that black holes lost 
information, failed to be convinced by Hawking's new arguments and did not surrender the bet 
to Preskill. 

The paper [H] does not lay out its arguments in full detail, so it is not possible to fully 
accept or refute them. But we can discuss a general line of reasoning that has been sometimes 
used, and that seems to be in the same spirit as [14J. A rough version of this reasoning goes 
as follows. We can rotate the entire black hole evolution to its Euclidean section. There is a 
leading saddle point - the Gibbons-Hawking 'cigar' geometry. This much is not new. But in 
a full theory of quantum gravity there will be other saddle points as well. These saddle points 
will have a larger action and therefore be exponentially small in their effects. But these small 
effects might be enough to restore unitarity of the evolution, and thus avoid information loss. 

It is easy to see why such an argument would leave people puzzled. The original information 
paradox was formulated in Lorentzian signature. By contrast, the Euclidean section does not 
even have a horizon. To resolve the paradox we needed to be shown what goes wrong with the 
argument A-D. We can certainly take guidance from a Euclidean argument about the physics, 
but at the end we still need to come back to the Lorentzian 'good slices' evolution and show 
what step in the original argument broke down. This the Euclidean discussion did not do; hence 
it is not surprising the many relativists continued their belief in information loss. 

Let us ask why the Euclidean argument was advanced as a solution to the information 
problem. If we have a well defined path integral in Euclidean space, then we can imagine that 
the theory in the Lorentizian section would be forced to be unitary. Thus we would leave no 
place for information loss as one of the options. The existence of subleading saddle points seems 
to be a subtle source of quantum gravity corrections, and one might hope that these corrections 
somehow resolve the problem in the Lorentzian section. 

But the argument concedes that the new effect being noted - the contribution of subleading 
saddle points - would be exponentially small. From the inequality (I15p we see that small 
corrections cannot remove the entanglement between the radiated quanta and the hole. Thus 
we would have to conclude that we get remnants, something that was anyway allowed by the 
original Hawking argument. 

The hope underlying the Euclidean argument was, however, that the small corrections would 
convert the Hawking radiation into an unentangled state. What led to the belief that small 
corrections could accomplish this task? One source of such a belief is an incorrect interpretation 
of a paper by Maldacena [15] . The computations done in the paper [15] are, by themselves, 
entirely correct. These computations illustrate the fact that even in a unitary system like a CFT, 
correlations in a complicated state can become exponentially small for large time separation 
between the operators in the correlator. This error lies in using this fact to argue the converse, 
namely that exponentially small corrections remove the troublesome entanglements from the 
leading order Hawking state ©. Thus, put in the context of the way we have phrased the 
information paradox, the incorrect argument would go as follows: "The leading order Hawking 
computation says that the radiation is in a mixed state with the remnant, but after we take 
into account the exponentially small corrections arising from the subleading saddle points, the 
radiation state could become an unentangled one. Then the hole could evaporate away and 
leave the radiation in a pure state." 

As we already noted, this argument is false. In fact for the entangled state eq. (|3J), we 



24 



know that small corrections do not make it a disentangled state. But to prove this, we need the 
inequality (|15p which is true but not intuitively obvious since its derivation invokes the strong 
subadditivity of quantum entropy, a nontrivial result. 

We close this discussion with a general comment. People sometimes try to phrase the 
Hawking paradox in terms of the behavior of correlation functions between operators at different 
positions. But the paradox concerns the entanglement structure of a wavefunction on a complete 
Cauchy slice. While it is true that the complete information in a wavefunction can be accessed 
by looking at all possible correlation functions, it is also true that we cannot hope to analyze the 
entanglement in the wavefunction by studying only a few simple correlators. Thus arguments 
based on the behavior of correlators cannot easily get to the heart of the information paradox. 
The paradox is best seen in terms of the evolution of a given wavefunction on a set of complete 
Cauchy surfaces in a gently curved spacetime; we are then challenged to find a physical effect 
that we might have have missed in this simple looking situation. 

8 What does AdS/CFT duality say about the information para- 
dox? 

String theorists sometimes argue in the following way: "Many computations tell us that gravity 
in AdS space has a dual description as a Yang-Mills CFT [16]. Since the latter is manifestly 
unitary, the gravity theory should also be unitary, and so for black holes information should be 
encoded in Hawking radiation. Thus we have solved the information problem". 

This argument is, however, completely incorrect. The known agreements between AdS 
gravity and the CFT involves comparison of scaling dimensions, n-point correlators, etc. But 
the Hawking argument does not say that any loss of unitarity occurs in normal n-particle 
scattering. It is only when a black hole is formed that a disagreement with unitarity shows up; 
further, the Hawking argument purports to demonstrate this disagreement. So the question we 
must ask is: what would somebody using AdS/CFT duality say about the Hawking argument? 

And here we come to the essence of the problem. In general, a person using AdS/CFT 
duality writes down a metric for black holes in AdS 



which is the AdS§ analogue of the Schwarzschild metric (pQ) . The steps A-D on section [2] can 
now be repeated. The Hawking argument forces him to choose between information loss and 
remnants. What does he say now? 

No one has argued that a CFT has states analogous to remnants. If there is information 
loss, then we lose unitarity, and the AdS/CFT map breaks down. Clearly, something is not 
working, so let us dig deeper into the issue. 

Most string theorists believed that the metric f|53[) was correct. The good slicing holds 
for this metric (step B of the Hawking argument). At this point there is a divergence of 
opinions. Some believed that small corrections due to quantum gravity would modify the 
Hawking argument enough to restore unitarity, but with the inequality proved in [2] (step D 
of the argument) we know now that small corrections cannot help. Others believed that there 
would be a 'complementarity' [T7j which would allow information to be both outside the hole 
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and inside, but how do we show any such thing? The state on the good slice is no different 
from the state on any normal slice in gravity; the horizon location does not show up as a special 
place at all. How can we duplicate the information on one part of this slice and place it on the 
other part, without a similar rule being applied to every partition of every slice in gravity? 

The simplest way out would be if the black hole was not given by the metric (|53j) : then 
the Hawking argument would not proceed (we would break step B). But this is equivalent to 
finding 'hair' - a modification of the black hole solution. And now we are back to square one: 
if we knew how to construct hair for black holes, we would have already removed the paradox, 
with no involvement of AdS/CFT. 

8.1 Defining gravity as the dual of a CFT 

Some string theorists try to use a slightly different argument. It is of course agreed that the 
CFT is unitary. Let us define the gravity theory as the dual of this CFT. Then surely we cannot 
have any paradox? 

In fact, this argument is equally empty, but it is very illustrative to examine where it goes 
wrong. We have seen something like AdS/CFT before, in the solution of the c = 1 matrix 
model. (This matrix model in some sense offers a simple version of the AdS/CFT duality 
map.) Strings can be exactly quantized in 1+1 dimensions, and the result mapped onto a large 
N matrix model in 0+1 dimensions |18j . The relation between the two descriptions is obtained 
by looking at the eigenvalue distribution of the matrix. The eigenvalues form a 1-dimensional 
'fermi sea', characterized by the density of eigenvalues /?(A). In fig2]we plot the potential in 
which the eigenvalues live. The depth of the sea at any point gives the density of eigenvalues 
p(A). We can distort the eigenvalue distribution (the small ripple shown in figj^a)), whereupon 
it evolves in time to give a 1+1 dimensional function on the space (A, t). The dynamics of such 
ripples gives string theory in 1+1 dimensions, and its low energy limit is just 1+1 dimensional 
dilaton gravity. Ripples come in from spatial infinity (the extreme left of the figJU^a)), bounce 
off the potential barrier and return to infinity. In the gravity theory, this is like a quantum 
coming in from r = oo, hitting r = in flat space, and going back to r = oo. 

Correlations functions in the matrix model are found to reproduce the expected correlation 
functions for n-particle scattering in the gravity theory. In particular, the matrix correlators 
reproduce the all-important 'time delay' caused by the couloumbic gravitational attraction of 
one particle on another [19]. Thus, so far, the situation is just like the computation of n-point 
correlators in AdS/CFT, where we also find that the CFT reproduces the expected behavior of 
low energy gravitational scattering. But what about black holes? 

As mentioned above, the low energy theory of the matrix model is just 1+1 dimensional 
dilaton gravity. In dilaton gravity we have black holes, with a Penrose diagram similar to the 
Penrose diagram of the usual Schwarzschild hole. Hawking radiation in dilaton gravity has been 
studied in great detail, and the 1+1 dimensional case allows a very explicit computation of the 
entangled Hawking state [3J. One finds that the evolution ends in information loss/remnants 

But if we have started with the matrix model, and obtained dilaton gravity as a low energy 
limit, then in the full theory we do not expect information loss. But there seems to be no place 
for remnants in the matrix model either. So what is going on? 

The answer is simple: the 1+1 dimensional theory gravity dual to the matrix model does 
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not have black holes [19\ I21j. It is true that n-point functions in this gravity theory behave just 
as one would expect n-point functions to behave in gravity. These functions are computed by 
the scattering of perturbative ripples on the fermi sea. But to make a black hole we must make 
a large wave, not a perturbative ripple, and see how it evolves. As we can see from the picture 
of the fermi sea in figHKb), a large wave approaching the bump at A = simply spills over to 
the other side. If the energy does not return to the same asymptotic infinity from which it 
started, then we should say that we have information loss, even though the overall theory was 
unitary. We can make a Zi identification of the two sides of the fermi sea - this is automatic in 
some supersymmetric versions of the string theory - and then the energy returns to the same 
asymptotic infinity from which it was sent. But most of it returns in a very short time - what 
we would call the 'crossing time' in gravitational collapse. In a black hole, on the other hand, 
the return of energy should be through a slow Hawking radiation process, over a time which is 
some power of M/m p i times the crossing time. Thus with the orbifolding we get unitarity but 
no black hole. 

Instead of orbifolding the fermi sea we can try to change the matrix model potential in other 
ways, for example by putting an infinite spike at A = so that there is no spillover. But such 
corrections make unwelcome changes to the n-point gravity correlators; in general they they 
can no longer be derived from a local gravitational theory. 

Thus the matrix model example leads us in an interesting dance all around the Hawking 
argument. In the simplest version with two sides to the fermi sea, we have a version of infor- 
mation loss - energy flowing off to a second asymptotic infinity. If we block this avenue by Z2 
orbifolding, we do not get anything that behaves like a black hole; thus we violate step B in the 
Hawking argument. If we try other changes to the potential, we lose locality, violating step A. 
What we do not get is a hole with a traditional Penrose diagram, slowly emitting radiation in 
a unitary way. 

Let us return to AdS/CFT and ask what we can say in that case. The n-point correlation 
functions are computed a 1/N expansion. But to make a black hole we need ~ N quanta to 
interact, so we have to look out for unexpected effects. In the matrix model case, it is the large 
number of interacting quanta which led to deviation from dilaton gravity. Any perturbative 
amplitude in the matrix model has higher order corrections that make it deviate slightly from 
dilaton gravity. But when the wave is big enough to make a black hole then we get a large 
correction because we have interactions between the large number of quanta in the wave. The 
cumulative effect of these corrections changes the evolution to one different from the one ex- 
pected in dilaton gravity, and the black hole does not form at all. Returning to the AdS/CFT 
case, if we force the gravity theory to be the dual of a given CFT, then we cannot assume that 
black holes will form in the theory. 

To summarize, simply invoking the idea of AdS/CFT duality does not give us any useful 
statement about the information paradox. The paradox asks us to demonstrate a flaw in the 
Hawking reasoning. But just noting that the CFT is unitary does not tell us how to resolve 
the paradox. We would still not know how to choose among the various options: 

(a) the duality map itself breaks down upon black hole formation 

(b) there are long-lived remnants in both the CFT and the gravity descriptions 

(c) black holes do not form in the gravity theory 

(d) long lived 'black holes' form upon gravitational collapse but are not given by the solution 
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Option (d) would allow information recovery in Hawking radiation, but to get this option 
we have to find 'hair': states of gravity that do not settle down to the metric (|53p . But if we 
knew how to construct such hair in the gravity theory, we would have no paradox in the first 
place since step B in the Hawking argument does not have to be true. So the paradox should 
be tackled by looking for alternative solutions in the gravity theory. The dual CFT description 
may help us in this search (and it certainly does), but resolution of the paradox has nothing to 
do with the existence of any such dual description. 



Figure 4: The horizontal direction labels the value of A, the eigenvalue. The horizontal line 
gives the level of the fermi sea of eigenvalues, obtained when the matrix model potential is 
the indicated 'upside-down harmonic oscillator' potential, (a) A small pulse representing a 
quantum scatters off the wall at r = (b) A pulse large enough to make a black hole in dilaton 
gravity spills over the wall instead of returning to the same asymptotic infinity. 



We have examined some attempts to resolve the information paradox and noted in each case 
that one or more of the steps in Hawking's argument were not adequately addressed. What 
then is the resolution of the paradox? 

Hawking's original argument (steps A,B,C in section [2]), supplemented with step D, leaves 
us with very little choice. If we have a black hole with its standard Penrose diagram, and 
the normal vacuum state at the horizon, then we will say that we have a 'traditional black 
hole'. There is no 'data' on the horizon since this region is locally the vacuum; we call this 
an 'information free horizon', and propagation of modes in the vicinity of this horizon is well 
described by quantum fields on gently curved space. The theorem of section [2] tells us that with 
a traditional black hole we cannot solve the problem: we will have information loss or remnants. 

We use the term 'fuzzball' to signify the opposite of the traditional black hole. In the 
traditional black hole there is a good slicing with an information free horizon. In a fuzzball, 
we cannot find such a good slicing with an information free horizon. At this point, the term 
'fuzzball' is just a definition. But it is clear that if it turns out that in our theory of gravity 




(a) 



9 Fuzzballs 



28 



black holes are indeed fuzzballs, then there is no information paradox, since the geometrical 
structure of the hole used in the Hawking argument becomes invalid. 

It may seem that we have been overly broad in defining 'fuzzballs'; we have just said that 
whatever is not a traditional hole is a fuzzball. But this is exactly what the 'no-hair theorem' 
suggests we do. Considerable work with black holes had failed to find any time independent 
deformation of the standard Schwarzschild geometry. Thus it is logical to make the dividing 
line between the traditional Schwarzschild hole and 'everything else', which is what we have 
done with our definition of fuzzball. 

Of course we have not solved anything with this definition; we need to go to our theory of 
gravity and show that black holes are really described by fuzzballs and not by the traditional 
Schwarzshild geometry. In this section we will summarize some work in string theory where 
we construct states of black holes and observe that they do not have a traditional horizon; i.e., 
they are fuzzballs. 

9.1 The nature of fuzzballs 

The traditional approach to black holes starts by writing a metric ansatz 



where we have assumed that the metric coefficients are independent of the angular coordinates 
and also any compact coordinates z%. Einstein's equations then lead us to the traditional 
hole with 'information free horizon'. We can attempt to put back dependence on the angular 
variables or the compact directions by looking for small perturbations to the traditional hole; 
the 'no-hair theorem' is the statement that one finds no such finite energy deformations. 

It turned out however that there are non-perturbative deformations that do give a complete 
set of 'hair' for the hole, i.e. one state for each of the Exp[Sb e k] states of the hole. The structure 
of these states involves the compact directions and the angular directions in a nontrivial way. 
Consider one compact circle S . Fibering this circle over the angular direction can give a KK- 
monopole. Since the hole has no net KK-monopole charge, we must have an anti-KK monopole 
somewhere else, or more generally, a set of monopoles and antimonopoles with net charge zero. 
In the simplest case studied - the 2-charge extremal hole - one gets a KK-monopole times a 
spatial loop; opposite sides of this loop have KK-monopoles in opposite orientations so that the 
overall monopole charge cancels out [23J. The space of different loop shapes can be quantized 
and yields the correct entropy for the hole |24j . 

This case is particularly simple - the 2-charge extremal hole is called the 'small black hole' 
in string theory - but it is illustrative because it can be solved very explicitly. In string theory, 
the states of an extremal system (mass=charge) can be counted by an indirect method: the 
number of extremal states do not change with coupling so they can be counted at weak coupling 
where there is no gravity. Suppose one then goes to stronger coupling where a black hole is 
expected, takes the spherically symmetric ansatz, and computes the Bekenstein-Wald entropy 
from this geometry. The state count at weak coupling is found to agree with the Bekenstein- 
Wald entropy of this spherically symmetric solution |25|, [26] . But if this spherically symmetric 
solution were the correct story, then we would still be left with the information puzzle, since 
we do not have 'hair'; if we excite this system and let it radiate back to extremality, we would 
create the entangled Hawking pairs. 




(54) 



29 



It turns out however that in this simple 2-charge system it is possible to study the states 
from first principles and realize that the spherically symmetric ansatz is false; each of the 
states counted at weak coupling can be constructed at strong coupling and observed to have the 
'KK-monopole times a loop' structure mentioned above. The only way to make a spherically 
symmetric state is to take a linear superposition of non-spherically-symmetric solutions (with 
equal amplitude for each orientation). 

Interestingly, the 'KK-monopole times loop' geometry does not have a horizon; nor does 
it have a singularity when we include all the dimensions including the S 1 which was fibered 
to make the KK-monopoles. (If we dimensionally reduce on this S 1 , the reduced solution 
will have singular metric coefficients at the centers of the KK-monoples.) Making the loop 
progressively more convoluted takes us to more and more generic states of the system, till the 
quantum measure cuts off the wiggles of the loop at some scale to yield a finite state count 
that reproduces the entropy. Since the generic state comes from very wiggly loops, it is very 
'quantum fuzzy', and so the solutions are termed fuzzballs. 

9.2 The expansion in 'complexity' 

One may wonder why such fuzzball solutions were not found earlier, given how much effort was 
put into the search for 'hair'. When looking for new solutions one often searches for a small 
parameter to expand in. In general relativity the only expansion parameter that appeared 
relevant was the amplitude of the perturbation, and this would not yield the KK-monoples 
since monopoles are an inherently nonperturbative deformation. Nevertheless, KK-monopoles 
have been known for many years to relativists, so we should still ask: what new tool did string 
theory bring to bear in the search for hair? 

What string theory did was provide a new expansion parameter - the complexity of a 
microstate. In string theory we can understand all states as bound states of various objects 
in the theory. We can categorize these bound states in a manner similar to the states of 
electromagnetic radiation in cavity. The simplest state of electromagnetic radiation has all the 
energy in one fourier mode - this is a 'laser beam' state with very low quantum fluctuations, 
well characterized by a classical solution of Maxwell's equations. Next, we can split the energy 
among two modes, getting a state that has slightly more fluctuations since the number of 
photons per mode has decreased. Continuing this way we arrive at the generic states of the 
system, the typical blackbody radiation states, which have ~ 1 excitations for each typical 
occupied mode, and thus no good description in terms of Maxwell's equations. 

The situation is the same for black hole microstates. Looking at the set of all bounds states 
in front of us, we find one that can be characterized as having 'all quanta in the same mode'. 
We can explicitly construct the gravitational solution of this state, at the coupling where the 
black hole was supposed to exist. We find the 'KK-monopole times a loop' structure, with the 
loop in this case being a geometric circle. There is no horizon or singularity. 

This state by itself is not a generic one - it was actually the most 'ungeneric' one - so 
even if we had come across it in studying the solutions of gravity we might not have thought 
of it in connection with the black hole. But we can now move to more generic bound states 
in string theory, and find that the shape of the loop becomes progressively more convoluted. 
When we reach the generic state the convolutions are at planck scale, and quantum effects are 
order unity, but the main point is that we observed the path of approach to the generic state 
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through a family of states that do not have a traditional horizon. The states obtained in the 
generic limit are a 'quantum mess', but someone trying to follow Hawking's argument can no 
longer claim that the state of the black hole is given by a 'traditional horizon': if the states we 
can understand explicitly have no horizon, then there is no reason why quantum corrections 
should make the more complicated ones have a horizon. Instead of an 'information free horizon' 
we get a region with quantum fuzz containing the details of the microstate. We thus knock out 
step B in the Hawking argument and resolve the information paradox. 

9.3 Three charge extremal holes and nonextremal holes 

We can make more general extremal holes in string theory by combining three kinds of charges 
- the 3-charge extremal holes. The count of bound states again agrees with the Bekenstein 
entropy of what we will call the 'naive geometry' - the black hole obtained by assuming a 
spherically symmetric ansatz for the given mass and charge values [27J0 When we start by 
looking at the structure of individual microstates, starting with the simplest, we again get 
solutions that have no horizon or singularity [29 1 . Large families of such regular solutions have 
been constructed with the same quantum numbers as the hole, and the entropy of such no- 
horizon solutions has been argued to be of the order of the Bekenstein entropy. Thus it seems 
reasonable to expect that the 2-charge extremal story will repeat itself for the 3-charge extremal 
case. Similar solutions are also found for the 4-charge extremal case, which gives black holes in 
3+1 noncompact dimensions. 

We can also look at simple nonextremal string theory bound states, and in some cases 
their gravity solutions have been constructed as well [30J. The solutions again have no horizon 
or singularity, but they do have an ergoregion. Ergoregions radiate quanta by the process of 
ergoregion emission, with one quantum radiating off to infinity and another falling into the 
ergoregion. For the nonextremal microstate of [30], the rate of leaking energy was computed in 
|31j . It turns out that this rate of leakage agrees exactly with the expected Hawking radiation 
from this (non-generic) microstate |32| . There is no information loss problem however, since 
the infalling member of the pair created in ergoregion emission just resides in the ergoregion, 
and influences the creation of later quanta, just as would be the case in a model of 'burning 
paper'. 

9.4 Dynamics 

The fuzzball construction aims to find all energy eigenstates in string theory for given total 
values of mass and charge. In any quantum system the dynamics of any state is known once 
we know the eigenstates 



Thus in principle we have have already learnt all we need to know about the gravitational 
collapse of a massive shell. But from this formal expression we would like to extract a quali- 
tative answer to the following basic question: if we have gravitational collapse, how do we get 

7 The papers [2S] obtained a microscopic count of states that was very similar to |27] , though the numerical 
factor did not precisely agree with the value expected in string theory. These papers also noted that the 
information problem should be resolved with a construction of a full set of 'hair' for the black hole. 
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anything other than the standard Penrose diagram of the Schwarzschild metric? Where does 
the semiclassical evolution go wrong, given that the curvature appeared to be low everywhere 
except near r = 0? 

The collapsing shell is a superposition of energy eigenstates; otherwise it would be a time 
independent configuration rather than a 'collapsing' shell. In traditional relativity the states 
we superpose correspond to the shell at various radial positions - a 1-parameter family. In that 
case the evolution of the shell looks straightforward; one simply gets radial motion all the way 
down to r = 0. The resulting geometry gives rise to the information paradox. 

Let us see how fuzzballs change the situation. The fuzzball construction forces us to rec- 
ognize that there are Exp[Sb e k\ other solutions in gravity that have the same overall quantum 
numbers. In general the wavefunction of the shell can spread over all these states. The question 
now is: will such a spread be significant enough that we should think about it? 

One way to estimate the spread is to take the state of the shell and ask for tunnelling 
amplitude to one of the fuzzball states. This amplitude is very small, since we are asking for 
the action to transition between two different macroscopic configurations. This smallness is the 
reason why we do not worry about the existence of alternative solutions in macroscopic physics 
- we just focus on the classical evolution path. But in the present case there is an important 
difference: the number of alternative states - Exp[Sb e k] is very large. A simple estimate finds 
that the smallness of the tunnelling amplitude is just offset by largeness of the number of states 
that we can tunnel to [33] . The time required for the wavefunction of the shell to spread over 
the fuzzball eigenstates was estimated in [33], and found to be much less than the Hawking 
evaporation time. Thus we have an interesting situation: the evolution of the collapsing shell 
is not classical at all. The measure in the path integral is as important as the classical action, 
due to the very large number (Exp[Sb e k]) of possible states. The wavefunction of the collapsing 
shell spreads out over the space of fuzzball states before a significant part of the evaporation 
has proceeded, and we lose the 'information free horizon'. 

10 Some common confusions about fuzzballs 

Resolving the information paradox only needed us to find an order unity correction to the 
evolution ([4]), so that the Hawking argument could be invalidated. The fuzzball construction 
does much more, giving us explicitly the structure of specific black hole microstates, and for 
simple nonextremal ones, even showing the Hawking radiation as an explicitly unitary process. 

There have been however, some objections to fuzzballs as the correct description of black 
holes. In this section I will try to collect these objections into the form of a discussion; thus 
I will join together the objections raised by different people into a continuous thread. As we 
will see below, the objections can be finally traced to an incorrect understanding of either the 
information paradox or the fuzzball construction. 

A primitive form of the complaint is the following: "Your fuzzball solutions are classical 
metrics. A state of a black hole must be a quantum state. So how can fuzzballs have anything 
to do with microstates of black holes?" . 

It turns out that this question arises from a confusion about how classical solutions arise as 
a limit of a quantum field; thus it has nothing to do with black holes per se. I have found that 
the best answer is to ask a question in return: "We write the metric of global AdS as the dual 
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of the ground state of the CFT. How can the classical metric of AdS have anything to do with 
a quantum state of the CFT?" 

This 'counter-question' usually clarifies the issue. A solution to the classical field equations 
should be thought of as giving the peak of a Gaussian wavefunctional. This wavefunctional 
is typically a coherent state of the full field theory. If we like, we can take combinations of 
coherent states and recover energy eigenstates. 

With this simple point cleared, let us move on to the next level of the compliant, which 
goes as follows: "The simpler fuzzball states are well described by giving the metric, but the 
generic ones are very complicated, so we cannot ignore quantum corrections. If we do not give 
the full quantum wavefunctional of these states, we have not said anything useful about them. 
Since the black hole will be in one of these generic states, we have not said anything about the 
information paradox." 

This complaint also has no merit. String theory allows us to list all states with given 
quantum numbers. Starting from the simplest we have constructed them and found them to 
be fuzzballs. First order quantum corrections have also been computed and shown to not alter 
the fuzzball structure [35]. Nobody has given a reason why quantum corrections should make 
the more complex states change their horizonless structure and develop an 'information free 
horizon'. Further, for the simplest hole (the 2-charge extremal hole) all states are known to be 
fuzzballs. All we had to do to resolve the paradox was to show a path by which one step in 
the argument can break down, and have we not shown that this fuzzball structure removes a 
reason for accepting the metric (pQ), and thus invalidates step B? 

This would seem clear, but for a few people, the complaint has persisted. To understand the 
complaint better, I posed a hypothetical question. Suppose we go back to the early days of the 
paradox, and look at the computations where people looked for 'hair'. They took a scalar field 
4> = Y[ m (9, (j))e~ lut f(r), and looked for solutions for f(r). No finite energy solutions were found, 
but suppose for the sake or argument that we did get a good solution for each {l,m}. When 
I gets so large that the angular wiggles are order planck length, the modes will presumably be 
cut off by quantum gravity effects. We would have one mode per planck length squared of the 
horizon, so we have the right number of degrees of freedom to account for the entropy. Since 
the black hole can have these degrees of freedom excited, it does not have to have the vacuum 
state at the horizon, and the Hawking argument fails. Would we have solved the information 
paradox in that case? 

The people who complained about fuzzballs said no, this would not solve the paradox. 
They argued that since the typical state would have large I, quantum gravity corrections would 
modify the leading order solution for the hair, and it would be unclear what the nature of the 
generic hair state would be. Thus we would not have proved that evolution in the black hole 
was unitrary; we need the precise quantum gravitational nature of the generic hair state to be 
able to compute the evolution of the hole and check that it is unitary. 

This discussion showed that the complaint against fuzzballs had nothing to do with fuzzballs 
per se; it was a confusion about what the information paradox is. The proponents of this 
compliant believed that information would come out in the Hawking radiation anyway; either 
by small corrections to Hawking's computation or by large corrections to the black hole metric. 
They did not realize that small corrections cannot work, and they did not realize that large 
corrections to the black hole metric had been long sought but not found (the no-hair problem). 
So they just assumed that Hawking radiation would be in an unentangled state at the end of 
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evaporation, just as it would be from a piece of burning paper. Having made this assumption, 
they were looking for a derivation of the exact S-matrix, and so were asking for a full quantum 
description of the generic fuzzball. 

But as we have seen, the Hawking paradox is something else; it is a concrete claim for 
information loss, which argues that black holes do not behave like burning paper. To resolve 
the paradox all we have to do is present evidence that one of the assumptions in incorrect, and 
this the fuzzballs do. 

10.1 Collective modes of fuzzballs 

We should still ask ourselves why the above confusions about fuzzballs arise. Pushing a little 
further, one finds the following question: "The generic fuzzball is a very messy and fluctuating 
quantum state. The vacuum of quantum gravity is itself a messy and fluctuating state at the 
planck scale. So as you go to the generic fuzzball state, have you not gone back to an effectively 
information free horizon?" 

The answer is no, a messy fuzzball state is not the vacuum. If we start with two states that 
are orthogonal at leading order, and add quantum corrections to both, then they remain two 
orthogonal states; they do not turn into the 'same' state. 

But one can push the question further: "Even if the generic fuzzball state is orthogonal to 
the vacuum, and thus not close to the vacuum itself, could it not be true that such generic 
states behave very much like the vacuum for all practical purposes?" 

And here we come to the essence of the matter: for the information problem, there is only 
one process with any practical purpose: the slow leakage of radiation from the microstate. But 
for this process the answer is already clear. We have seen explicitly how radiation emerges 
from simple nonextremal microstates - it comes from ergoregion emission. For the simplest 
microstate the ergoregion is very simple - it is an exact circle - and the emission spectrum is 
peaked at a few sharp frequencies. The radiation rate T(co) from the ergoregion is found to 
agree exactly with Tcft(u), the emission rate computed for that microstate in the CFT; the 
sharp peaks in the Tqft arise from the fact that all excitations are 'in the same mode' for 
the simplest microstate. As we move to a more complicated gravity solution, the ergoregion 
becomes more 'wiggly'. It can be seen qualitatively that such an ergoregion will radiate more 
slowly with a more smeared-out spectrum. The same behavior holds for the corresponding CFT 
states, where the excitations are now spread out over more modes. The generic gravity solution 
will correspond to the generic CFT state. The generic CFT state has an emission spectrum 
that agrees with the spectrum of Hawking radiation. Thus we expect that the generic, messy 
gravity states radiate with the Hawking radiation profile (though without information loss)o 

Thus for the purpose of Hawking emission we have obtained exactly what we wanted: 
different microstates do not behave the same way; the details of the microstate get encoded in 
the slowly leaking radiation. But we can still ask: "What about other physical processes, as 
for example the infall of a rocketship into the black hole? Do all generic microstates behave 
the same way when impacted by a heavy, fast falling object?" 

This time the answer is expected to be yes. The crucial distinction therefore is between (i) 
low energy processes like Hawking emission, which have E ~ T and (ii) high energy processes 

8 In particular, note that fuzzballs are different from the 'massive remnants' proposed in [36]. Such remnants 
are not expected to radiate with a spectrum related to that of black holes. 
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with E S> T. High energy impacts excite collective modes of the fuzzball. These modes 
are insensitive to the precise details of the microstate, and one can hope to get a 'membrane 
paradigm' |37| type of behavior from the fuzzball surface [38J. Some discussion of these issues 
can be found in [391 S]> though much remains to be understood. But for the purpose of the 
information paradox the story is clear: different microstates behave differently for the purpose 
of Hawking emission, and this is what resolves the paradox. 

A final note on this topic. A very common statement is the following: "We know that 
nothing happens at the horizon of a black hole, since I would not know if at this moment I 
was falling through the horizon of a very large hole. Thus I cannot accept that black holes are 
fuzzballs, since fuzzballs do not have a regular horizon." 

It is amusing that the question is misguided though the answer is still interesting. Why 
did one assume that nothing happens at the horizon of a large hole? Presumably because of 
our reliance on the metric (pQ). But we have already seen that this metric would force us to 
information loss/remnants, and also that in string theory this is not the metric of black hole 
microstates. We must accept the metric ([1]) if we assume (as Hawking did) that quantum 
gravity can be relevant only when curvatures reach the planck scale L. It is certainly true that 
l p is the only length scale we can make from c, h, G. But a black hole is made of a large number 
of quanta N, and we have to ask if the size of string bound states remains ~ l p when N is large, 
or whether it grows as ~ N a l p for some a > 0. String theory has taught us that the latter 
is true, and the size of brane bound states is always order horizon size [40J, so that at large 
coupling we get fuzzballs instead of black holes. 

Thus there was no reason for us to assume a priori that the black hole would have no 
structure at its horizon radius: this is a matter of computation in a given theory of gravity, 
and in string theory we find that there is indeed nontrivial structure at the horizon scale. 
What is interesting though is that the infall of E 3> T objects excites collective modes of the 
fuzzball that might approximate 'free-fall' through a horizon. This effective free-fall behavior 
is suggested by putting together arguments put forth by Israel [H], Maldacena [15] and Van 
raamsdonk [32], and is discussed in [3]. 

To summarize, it is crucial to separate E ~ T physics from E 3> T physics. The former sees 
structure at the horizon, and this resolves the information paradox. The latter sees a 'coarse- 
graining' of this structure, and yield physics that might accord with intuition about classical 
infall into black holes. 

11 Discussion 

The black hole information paradox has played a remarkable role in physics. Normally we 
expect a separation of scales, so that the quantum theory and gravity would be connected 
only when we reach planck distances. But the paradox forces us to confront the peculiarities 
of quantum mechanics - entanglement in particular - in the context of astrophysical sized 
gravitating objects. 

The paradox is best phrased in terms of a wavefunctional on a good slice, and its evolution 
to the next slice. These slices look just as smooth as slices through a laboratory on earth. There 
are only two possibilities: (i) low energy evolution on these slices is 'lab type' evolution upto 
small corrections (ii) low energy evolution differs from lab evolution by order unity. In case 
(i) we necessarily get information loss /remnants. In coming to this conclusion the inequality 
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(|15p plays a crucial role. Many people had wanted to keep the evolution of (i) but remove the 
Hawking entanglement through the cumulative effect of small corrections; with (|15|> we now 
know that those efforts were bound to fail. If we wish to avoid information loss/remnants we 
need to be in case (ii), but here we run into the no-hair 'theorem': despite considerable effort 
people were unable to find a structure of the black hole that would not have 'lab evolution' on 
the good slices. 

Since string theory appears to give us a complete theory of quantum gravity, there has been 
a strong tendency to just wish the paradox away. But this is not easy, as we can see from the 
fact that many prominent relativists remain unconvinced that information loss can be avoided. 
Worse, string theorists do themselves a disservice by not understanding the paradox: if the 
usual assumptions of physics are leading to a problem, then there is sure to be a deep and 
important lesson to be learnt from resolving the problem. 

And indeed, we do learn something very basic by looking at how fuzzballs finally resolve 
the paradox. The remarkable thing about black holes is their very large entropy - Exp[Sb e k] 
- but the metric (H|) shows no evidence of the large degeneracy of microstates implied by this 
entropy. In string theory we find that the metric ([!]) is not realized in the theory, but there 
are Exp[Sb e k] alternative solutions, each without any regular horizon. The phase space of these 
solutions leads to a path integral measure so large that it competes with the classical term 
in the action, even though we are looking at the collapse of an astrophysical sized shell. The 
classical infall of the shell gets modified, and we end up with a linear superposition of fuzzball 
states rather than the solution ([1]). 

The key lesson here is that gravitational solutions in a complete theory of gravity have an 
enormous phase space, and that this fact must be taken into account whenever enough energy 
accumulates in a region to make this phase space accessible. It is plausible that this lesson 
would be relevant in the early Universe, where we encounter high densities of matter. It was 
noted in [43J that a 'fractional brane gas' state of matter has more phase space at early times 
than a conventional 'radiation dominated' phase. The phase space available to these fractional 
branes grows rapidly with the volume available to them; in particular, one gets more phase 
space as the horizon radius expands. This extra phase space can create a 'pull' towards larger 
scale factor values, supplying a 'measure term' in the effective dynamics of the scale factor 
that would be analogous to the measure term that alters the dynamics of a shell collapsing to 
make a black hole. This extra 'pull' can resemble an extra 'acceleration term' in Cosmological 
expansion; we hope to return to this issue elsewhere. 

Acknowledgements 

These notes are a consequence of many discussions with many people; among them Steve 
Giddings, Gary Horowitz, Werner Israel, Don Marolf, Emil Martinec, Shiraz Minwalla, Ashoke 
Sen and Edward Witten. My special thanks to Don Page, who spent many hours with me 
examining different ideas on the paradox, and suggesting models and examples. This work was 
supported in part by DOE grant DE-FG02-91ER-40690. 



36 



References 

[1] S. W. Hawking, Commun. Math. Phys. 43, 199 (1975) [Erratum-ibid. 46, 206 (1976)]; 
S. W. Hawking, Phys. Rev. D 14, 2460 (1976). 

[2] S. D. Mathur, Class. Quant. Grav. 26, 224001 (2009) [ arXiv: 0909 .10381 [hep-th]]. 

[3] S. B. Giddings and W. M. Nelson, Phys. Rev. D 46, 2486 (1992) [arXiv:hep-th/9204072] . 

[4] S. D. Mathur and C. J. Plumbers. larXiv:1101.48"99l [hep-th], 

[5] D. N. Page, Phys. Rev. Lett. 71, 1291 (1993) [arXiv:gr-qc/9305007] . 

[6] B. Czech, K. Larjo and M. Rozali. larXiv:llQ6.5229l [hep-th]. 

[7] P. Kraus and F. Wilczek, Nucl. Phys. B 433, 40 3 (1995) [arXiv:gr-qc/9408003| ; P. Kraus 
and F. Wilczek, Nucl. Phys. B 437, 231 (1995 ) [arXiv:hep-th/9411219| ; E. Keski-Vakkuri 
and P. Kraus, Nucl. Phys. B 491, 249 (1997) |arXiv:hep-th/9610045] . 

[8] K. Srinivasan and T. Padmanabhan, Phys. Rev. D 60, 024007 (1999) 
[arXiv:gr-qc/981202"8] . 

[9] M. K. Parikh and F. Wilczek, Phys. Rev. Lett. 85, 5042 (2000) [arXiv:hep-th/9907001] ; 
M. K. Parikh, |arXiv:hep-th/0402166[ M. K. Parikh, Int. J . Mod. Phys. D 13, 2351 (2004) 
[Gen. Rel. Grav. 36, 2419 (2004)] [arXiv:hep-th/0405160|; M. Arza no, A. J. M. Medved 
and E. C. Vagenas, JHEP 0509, 037 (2005) [arXiv:hep-th/0505266] . 

[10] J. D. Bekenstein, Phys. Rev. D 7, 2333 (1973). 

[11] B. Zhang, Q. y. Cai, L. You and M. s. Zhan, Phys. Lett. B 675, 98 (2009) [ arXiv:0903.0893l 
[hep-th]]; B. Zhang, Q. y. Cai, M. s. Zhan and L. You, Annals Phys. 326, 350 (2011) 
|arXiv:0906.5033l [hep-th]]; B. Zhang, Q. y. Cai, M. s. Zhan and L. You, Gen. Rel. Grav. 
43, 797 (2011) |arXiv:1102.5T44 [gr-qc]]; W. Israel and Z. Yun, Phys. Rev. D 82, 124036 
(2010) [arXiv: 1009.08791 [hep-th]]. 

[12] W. Israel, Phys. Rev. 164, 1776 (1967) B. Carter, Phys. Rev. Lett. 26, 331 (1971); 
R. H. Price, Phys. Rev. D 5, 2439 (1972); D. C. Robinson, Phys. Rev. Lett. 34, 905 
(1975). 

[13] D. Marolf, Phys. Rev. D 79, 044010 (2009) [arXiv: 0808 .28421 [gr-qc]]; D. Marolf, Phys. 
Rev. D 79, 024029 (2009) [arXiv: 0808 .28451 [gr-qc]]. 

[14] S. W. Hawking, Phys. Rev. D 72, 084013 (2005) [arXiv:hep-th/0507171] . 

[15] J. M. Maldacena, JHEP 0304, 021 (2003) [arXiv:hep-th/0106112| . 

[16] J. M. M aldacena, Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 
(1999)] [ arXiv:hep-th/9711200] . 



37 



[17] L. Susskind, J. Math. Phys. 36, 6377 (1995) [arXiv:hep-th /9409089 1; L. Susskind, L. Thor- 
lacius, J. Uglum, Phys. Rev. D48 , 3743-3761 (199 3). [hep^th /9306069]; L. Susskind, Phys. 
Rev. Lett. 71, 2367-2368 (1993). |hep-th/93071~68]; D. A. L owe, J. Polchinski, L. Susskind 
et al, Phys. Rev. D52, 6997-7010 (1995). [hep-th/9506138| . 

[18] S. R. Das and A. Jevicki, Mod. Phys. Lett. A 5, 1639 (1990). 

[19] M. Natsuume and J. Polchinski, Nucl. Phys. B 424, 137 (1994) |arXiv:hep-th/9402156| ; 
J. Polchinski, [arXiv:hep-th/9411028| 

[20] C. G. . Call an, S. B. Gi ddings, J. A. Harvey and A. Strominger, Phys. Rev. D 45, 1005 
(1992) [arXiv:hep-th/9111056]; J. G. R usso, L. Susskind and L. Thorlacius, Phys. Lett. B 
292, 13 (1992) [arXiv:hep-th/920"l074[ ; E. Keski-Vakkuri and S. D. Mathur, Phys. Rev. D 
50, 917 (1994) [arXiv:hep-th/9312194] . 

[21] J. L. Karczmarek, J. M. Maldacena and A. Strominger, JHEP 0601, 039 (2006) 
[arXiv:hep-th/041li74] . 

[22] S. R. Das and S. D. Mathur, Phys. Lett. B 365, 79 (1996) [arXiv:hep-th/9507141| . 

[23] V. Balasubramanian, J. de Boer, E. Keski-Vakkuri and S. F. Ross, Phys. Rev. D 
64, 064011 (2001), |hep-th/0011217| J. M. Maldacena and L. Maoz, JHEP 0212, 
055 (2002) | arXiv:hep-th/0012025] ; O. Lunin and S. D. Mathur, Nucl. Phys. B 610, 
49 (2001) [arXiv:hep-th/0105136]. Q. Lunin and S. D. Mathur, Nucl. Phys. B 623, 
342 (2002) |ar Xiv:hep-th/0 109154|. O. Lunin and S. D. Mathur, Phys. Rev. Lett. 
88, 211 303 (2002) [arXiv:hep^t h/0202072|; S. D. Mathur, Fortsch. Phys. 53, 793 
(2005) [arXiv:hep-th/0502050] ; S. D. Mathur, Class. Quant. Grav. 23, R115 (2006) 
[arXiv:hep-th/0510180]; S. D. Mathur, la r2Gy^08J^4525J [hep-th]; O. Lunin, J. Malda- 
cena and L. Maoz, |arXiv:hep-th/0212210[ I. Kanitscheider, K. Skenderis and M. Taylor, 
larXiv:0704.0690l [hep-th]; 

[24] V. S. Rychkov, JHEP 0601, 063 (2006) [arXiv:hep-th/0512053] . 

[25] L. Susskind, |arXiv:hep-th/9309145[ J. G. Russo and L. Susskind, Nucl. Phys. 
B 437 611 (1995) [arXiv:hep-th/9405117] . A. Sen, Nucl. Phys. B 440, 421 
(1995) [arXiv:hep-th/9411187| ; A. Sen, Mod. Phys. Lett. A 10, 2081 (1995) 
arXiv:hep-th/9504147| ; G. T. Horowitz and J. Polchinski, Phys. Rev. D 55, 6189 (1997) 
arXiv:hep-th/9612146] . 

[26] A. Dabholkar, |arXiv:hep-th/0409148[ 

[27] A. Strominger and C. Vafa, Phys. Lett. B 379, 99 (1996) [arXiv:hep-th/9601029| . 

[28] F. Larsen and F. Wilczek, Nucl. Phys. B 475, 62 7 (1996) [arXiv:hep-th/9604134| ; F. Larsen 
and F. Wilczek, Nucl. Phys. B 488, 261 (1997) lj arXiv:hep-th/9609084] . ~ 

[29] S. D. Mathur, A. Sa xena and Y. K. Srivastava, Nucl. Phys. B 680, 415 (2004) 
[arXiv:hep-th/0311092~] ; 

O. Lunin, JHEP 0404, 054 (2004) [arXiv:hep-th70404 006 1 ; 



38 



S. Giusto, S. D. M athur and A. Saxena, Nucl. Phys. B 701, 357 (2004) 
[arXiv:hep-th/04050i~7] ; 

S. Giusto, S. D. Mathur and A. Saxena, Nucl. Phys. B 710, 425 (2005) 

[arXiv:hep-th/0406103] ; 

I. Bena and N. P. Warner, Adv. Theor. Math. Phys. 9, 667 (2005) |arXiv:hep-th/0408106] ; 
V. Jejjala, O. Madden, S. F. Ross and G. Titchener, Phys. Rev. D 71, 124030 (2005) 
|arXiv:hep-th/0504"l~81~] ; 

I. Bena and N. P. Warner, Phys. Rev. D 74, 066001 (2006) [arXiv:hep-th/0505166] ; 
P. Berglund, E. G. Gimon and T. S. Levi, JHEP 0606, 007 (2006) [arXiv:hep-th/0505167] ; 
A. Saxena, G. Potv in, S. Giusto and A. W. Peet, JHEP 0604, 010 (2006) 
[arXiv:hep-th/0509214] ; 

I. Bena, C. W. Wa ng and N. P. Warner, Phys. Rev. D 75, 124026 (2007) 
arXiv:hep-th/0604lT0] ; 

V. Balasubramanian, E. G. Gimon and T. S. Levi, JHEP 0801, 056 (2008) 
[arXiv:hep-th/0606"Tl8] ; 

I. Bena, C. W. Wang and N. P. Warner, JHEP 0611, 042 (2006) [arXiv:hep-th /06082 1 71 ; 
J. Ford, S. Giusto and A. Saxena, Nucl. Phys. B 790, 258 (2008) [arXiv:hep-th/0612227] ; 
I. Bena and N. P. Warner, Lect. Notes Phys. 755, 1 (2008) [arXiv:hep-th/0701216| ;~ 
I. Bena, N. Bobev and N. P. Warner, JHEP 0708, 004 (2007) |arXiv: 0705 .36411 [hep-th]]: 
E. G. Gimon and T. S. Levi, JHEP 0804, 098 (2008) [arXiv: 0706 .33941 [hep-th]]: 
I. Bena, C. W. Wang and N. P. Warner, JHEP 0807, 019 (2008) |arXiv:0706.3786l [hep- 
th]]; ' 

S. Giusto, S. F. Ross and A. Saxena, JHEP 0712, 065 (2007) |arXiv: 0708 .38451 [hep-th]]: 
I. Bena, J. de Boer, M. Shigemori and N. P. Warner, arXiv:1107.2650 [hep-th]. 

[30] V. Jejjala, O. Madden, S. F. Ross and G. Titchener, Phys. Rev. D 71, 124030 (2005) 
[arXiv:hep-th/050418T] . 

[31] V. Cardoso, O. J. C. Di as, J. L. Hovdebo and R. C. Myers, Phys. Rev. D 73, 064031 (2006) 
[arXiv:hep-th/05122~77] . 

[32] B. D. Chowdhury and S. D. Mathur, Class. Quant. Grav. 25, 135005 (2008) 
[arXiv:071l!48T7l [hep-th]]: B. D. Chowdhury and S. D. Mathur, Class. Quant. Grav. 25, 
225021 (2008) [arXiv: 0806 .23091 [hep-th]]; B. D. Chowdhury and S. D. Mathur, Class. 
Quant. Grav. 26, 035006 (2009) [arXiv:0810.295T1 [hep-th]]. 

[33] S. D. Mathur. larXiv:0805.3716l [hep-th], 

[34] S. D. Mathur, Int. J. Mod. Phys. D 18, 2215 (2009) [arXiv: 0905 .44831 [hep-th]]. 

[35] S. Giusto and S. D. Mathur, Nucl. Phys. B 738, 48 (2006) [arXiv:hep-th/0412133] . 

[36] S. B. Giddings, Phys. Rev. D 46, 1347 (1992) [arXiv:hep-th/9203059| . 

[37] K. S. . Thorne, R. H. . Price and D. A. . Macdonald, NEW HAVEN, USA: YALE UNIV. 
PR. (1986) 367p 

[38] S. D. Mathur, Gen. Rel. Grav. 42, 2331 (2010) [arXiv: 1005.35551 [hep-th]]. 



39 



[39] V. Balasubramanian, J. de Boer, S. El-Showk and I. Messamah, Class. Quant. Grav. 
25, 214004 (2008) [ arXiv:081 1.02631 [hep-th]]; V. Balasubramanian, B. Czech, Y. H. He, 
K. Larjo and J. Simon, JHEP 0803, 008 (2008) [ arXiv:0712.2434l [hep-th]]: V. Balasubra- 
manian, B. Czech, V. E. Hubeny, K. Larjo, M. Rangamani and J. Simon, Gen. Rel. Grav. 



40, 1863 (2008) |arXiv:hep-th/0701122 ; V. Balasubramanian, J. de Boer, V. Jejjala and 



J. Simon, JHEP 0512, 006 (2005) [arXiv:hep -th/0508023!. 
[40] S. D. Mathur, Nucl. Phys. B 529, 295 (1998) [arXiv:hep-th/9706151] . 
[41] W. Israel, Phys. Lett. A 57, 107 (1976). 



[42] M. Van Raamsdonk, arXiv:0907.2939 [hep-th]; M. Van Raamsdonk, Gen. Rel. Grav. 42, 
2323 (2010) |arXiv:1005.3035l [hep-th]]. 

[43] B. D. Chowdhury and S. D. Mathur, Class. Quant. Grav. 24, 2689 (2007) 
[arXiv:hep-th/0611330] ; S. D. Mathur, J. Phys. Conf. Ser. 140, 012009 (2008) 
|arXiv:08 03.3727l [hep-th]]. 



40 



